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Abstract 


We present a theory about the logical relationships associated with system behavior. The 
ee oe ee ene A set of assumptions about 

ee 
refer to as information and control lnfermation i concerned with ghoioss and how they are 
resotved. rn ee tee eh RE ee A See - these aspects that 
are independent of choices. 


We develop a concept of information thet is nonprobabilistic. It is not inconsistent with 
Shannon's approach, but simply proceeds from a more basic ides: It deals with possibilities, rather 
than probabilities. Our approach embedies four common notions about information: (I) 
information distinguishes between alternatives; (2) x resabves choices; (S) it is transmitted and 
transformed within a system; (4) t says something abeut pax behavior (memory or postdiction). and 
something about future behavior (prediction). We can identify these paints at which information 
either enters or leaves a system, and we can trace information as it flows through a system. 


The control component of system behavior is determined by a system's control structure, 
interpreted ate ee waa hed graph). wee ee 


When considered separately, the theories of information and control are of limited. 


seenaraty When brought together, they provide a technique for predicting and postdicting 
vior. 
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L2. Petri Nets: 

Petri nets are a class of system sudelp; the tee fipat three types of models mentioned above, 
Petri nets are formal models, and they permit mathematical analysis of system behavior. However, 
unlike a set of differential equations, Petri nets are digrets, and only finkary methods are 
emptoyed. Unitke finite-state machines, Petri nets make no attempt to describe. a. system. in, terms, of 
& total, unstructuead, system sinte. But.snther: they allem. fer, §.Gistribuiad. system. state in which 


machines, they retain sl-che,rapessentasionnlporeerof. ste nahin. jp.particulay, the ability to 
_ express albernatives. . Ln relation to the.medel of Syuam-Opnarmich, Rotel ngts.are-lynsed, on more 
primitive concepts and, therefore, permit a more goneanl:and pow 


A Petri net is simply a bipartice, directed graph whoee vertices are called sates and events 
(The term snd is itrchangeble with ‘at Inthe graphical reprentatioh of 8 net, sate 
ae An example give a igure a 


We say that state-s is & precondition of Event ¢ if thd tly if there isan art leading from s to e. 

» Similarly, State 1 is a poshepedmten of Event « if and only if there is afi arc tending ror 'é to s. 

Thus, in:owr example, sates 6 and d are the priconithsons'ct Rveiit 9, while senten a’nid 0 are the 

Before we can use a niet 00 ‘stmulate system ‘behirvior, we mist Pirit initialize it. This is done 

~by designating certain. sates as initia! conditions:- These iniiat-condinons are shown graphically 
by placing a ‘token' on them: 


Figure 1.2 An Initialieed Petri Net 


The ‘firing rule! for Petri. suee‘atmves simply that whebr‘aachy presuddition of sn ‘event holds 


{contains a. token) then. that event ‘may octur (fire): The ‘occurence "term atte ‘a holding of 


(removes & than from) sch prsadion and ian 4 tong of (pce than on) sch 
posteondition. Notion that:-this ts. ‘srietty feck! “optration ieiféiving Only the event aiid: its 
Preconditions and postcondieitms In general, there may ‘tie severst: tpapheadie.! depen 

and goncucrentty. 


. , , There, is.a specie! siguayon. wt Ye, FpartgD,.. 
‘seis Ge escndeieal eiestoeniee | ales, ancaeaine we.sny thet.:the two 
_ vents, are,J0 gantlich. Only ane. of therm de:pecoeinedlite-terwionteshe: belting of: theshared athte, 
and, therefore, the occurrence of either event will disable the other. In Figure 12,Rwente-d.and 2 
age in gpnflict. Either one,qyy ocaur. .1f Event d.enmumctinen-tine nding of State o-teserminated 
another set of holdings. 1 shoul be apparent tat there ar. pment 


simulations of a net (and eS et ee et 
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(1) Under what conditions will cain puna panei be produced? 
(2) What are the congue of decom within te ten? 
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(9) What are the effec of «aye meitiation? 
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_ Surprisingly, sao eink vinci silicic ans helps to-eeomant — 
The present work started out as an attempt to develap a technique for answer 


Petri nets hat besn coed as the'ywem repreventitien: "Thee preishatt, an'te-was then aeated, wae to 


find a way of determining the constraints that a net placed on the occurrences ef # partipular 
“events can be interpreted 2s lying oh-the synendenviretinint beuddary. - 
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_ Iv this way we can arrive at a characerzaton of the satmmal behavior of the system - 
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However, i becomes palnfully hr that this metho i erway impractical for angthing but the 
a A mora daarabe approch would be one thet answered quations about 


behavior by: enamining the. lngianl steusmwe ofthe. apa. Mhiche de. OME: Ge, is, the, net 
‘wepresentation, pag 5 A ie ens GAP antl ae, eas 

It 200m, bgcame. appenent that there wes.onn.aheokute-tagnisament dot, pusress. in spit. euden yor. 
Reduced to its simplest (qsma, it; was-thig..weJande tbe, able:ta. datweapioe, how. one. choice 
influenced another. In a Petri net, a choice is represented by a shared state. For our purpoves, we 
can distinguish burwoen tivo types of cholo: Lm shale se sensed cin 
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(a) Example of Free CHoice (b) Example of Constrained Choice 


Figure l.3 Choles 


In the Frnt cn, the tn no may spe ow the cis to be reared, and hiss how 
” antics, or pondeneresinecs, ts reprenisted. “In the mated en, holding of the shared sae 
"pated with holding of one of the wo oui nat rive techie. De Depending on whether 
"the felt or right bean state 'esetved © When’ ctor th Wt or ight hand event wi ee. (We 


. ght Se 
pred the case where bth cui sue may hot cncrenty) Nex centining ony free 
# eis erongeane Te yaw re 
choles are, naturaly enough, known 1s {rors Patna ‘Thay are very amanable wm analy 
“ts Pee Ts AT rset gt Sate @ Qu gz MDS tors 


and thelr properties re wll nderoed This beams in a frarchole met, no choke inffuencn 
| any other. ‘As might be expec, reine ms nt gel eh for perp, We 
Be ie fooaadt wads e 


| needed constrained choice, 


"(Ab & Caeithdud chaien, aw desis ie seialosd wih dcplesl sen, seins plovioas uber 


Of decisions at the free choices and ether constréindd ‘choles. "Phe probe was to Guermine this 
dependency. The situation was greilty vonnpiented by she-tadr Wes #e ted: to distinguish between 
‘at the-same clwice. The only hepe appenied to'tie-in dincovering the mechanism 
* by Which ‘influence’ proptighten'ftom-one clielde-to'snether. cart Bi 

_ Adthough unrestricted: néts-are enertvoutty qeneral:'they ase alse: ranthonsatientty ‘wtractable, 
and there was no way of achieving eer-goets using Unrenrinel-nets,: 90 we had: to finda set-of 


restrictions that permitted us to trace the flow of ‘influences’ while still maintaining - genereitty. 
* Turing ‘machines “had: shown’ that 8 model cold’ te: severely restricted without: reducing its 
representational power. na ges 7 


Le Bacharoon: 
: Pacts ergated whtt wk of Crt Aa Pat whe pb tail pp 
_ Kemmaniiation mit Avtomapen n 62. The model mteduced here was later refined by Anatol 
"Hol DO and the modified sructres were given the mare Per nt’. With H Holts work there has 
aa 4 seaty craig lta int the hay strc bling tte sbiy Wo reprnent both 
, concurrency and: nendetereninncy. 


Unearth comet be pda n cry genera eps med But 


| becuse enretrced near mathemati nracabl, to approach hus bam t dy rec 


classes of nets. I ee emit ster carey or chien, the problem becomes ut 
manageable. 

State machines ate’ cats of nets in which behavier-is srigty sequential - ee a me 
concurrency. In one form or another, ‘ant tc ae ton forty your. They've 


. Will be used. in-our theory 0 provide a.nation of: ' | 
Mached graphs are the dunt of ante machines, They po cement eh choke 
well understend: [i 4;.7,.12, 45]. The: ment maipble cherastecieic.of, 9 sonrhad, graph. ts. teat it can 
describe: only: a: fined, cepenisive:pattern of. behavior. W008 gabe rebte.et af thin fact..in 
Free cosice ‘nets are-s generniieation of - beth. sate manhinne nd: coarked. graphs... «They 
permit both concurrency and choice. Some significant results have been obsained.[3, 8), byt, as we 


muntioned in the preceding section, she enciasion of continued choles restricts generality. 
An even larger class than free-cholce nets are the single nat The mathematical analysis of 
ee Only a few ruts have 
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(2) Information is webed. raantyes.qhotcm. : (Chig.ia.n S200 


(4) Information is logt by a «Ss <a had la edea a a nse iene 
(nendeterminacy when the system is considered to be running backwards in time). The 
information lost in a conflict situation specified how to back up one step. 


Hok also recognised that information could be used as » teol forigas 


behavior. He and Commoner wore iistcnsFiA ist sgghfeh this iden to state machines [3]. Within 
* the: context“ of a: Se eee a oe en ee ee and trace their 
* filieories. The thedty ts chnetibiiit with’ all the points’ ‘Weve! Time sighitieance:f this 
“work 1s that it sttablushed-the' printipt tfiar'ietetinaGilt ebuht Na turdidinel asa speemiveliive 
machines are a very restticted Glate-of sructiris, sind ther’ wes wtekrty che need tw.apply mations of 
“taf orratiot fot to euler ce of erwcnatiac> Untertonasity Wats and: Commener's work 
gamba notion Generatieed, ot feast not ina wrsighttorianns way: ° ‘THieene ware wathehoy ene. spinning. 
‘One of these: wee egg east cpt Behavict into:twe compenents, 
choices are résetved. Tht emg a rent ta par of 


tha ied fet riding hte 


wee eet 
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Vass ce Cosel ek a seh puaenaaen. ieee : 
mentioned in the paper, there is & dual sie tothe theory denting wich prediction : 
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Chapter 2 - Petri.Nes. . 


The basic structure we'l be -woeking, with iasalied. fat Ike; pista bipartite, directed graph. 
A Pewi net isa met to which .we attech..a.special: intarpretation..and; for. which.we defing a 
» ‘nhematation rule’. A tate tranh (sane machine) 12:0 Patch natin. which each-qygnt, hes exactly one 
_-tacident arc and-one emergent asc..An-quen: eran: Geasked graph) 4,2. Petri net in which. exch 

State thas exactly one: incident ar¢-and.one emengemtars. A, sate component ofa Parl nats 
‘ seate-graph sabset: in which ail .ares :connected .to-a..particinntiog aie -are..meed....An gyent 
 Memponent of a Petri net is amv event-graph subnet in which all Gad.to asparticipating — 
. @vent are used. A Petri net covered: ny-state-companents (avant. components) .is qid to. be state- 
“ graph decomparabie (crentemeph demnmpatable):. We prove teat if a Rated net-i4 beth, SGD. and 

The simulation rule-genersies 0 ot of pertial ecslere-(gispulations). each defining a causality 

 telation ameng at of ‘tee holdings and. event. ccguerences Thane ara four ways.in. which. two 

instances (holdings or occurrences) x and 9 may be related; x-and.9 may he coincident ¢,. the same 
instance), x may precede 9, x may follow 9, and x and y may be concurrent. We show that ina 


an so pote aout ” *. BAP be ute 
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“inte the following approach. 
A syiteny is ts defined as a Petri net - the syabem pgt together ‘with (1) a: set of subsets of 

states and (2) a set of subsets of events. With the help of five axioms (reflesting our assumptions), 
_ we're able to establish all the features of our model. The subsets of states are used to generate a 
covering of ‘I-token’ state components, the ‘parts of the system. The subsets of events are used to 
‘State behavior. The modes may be viewed-as the ‘natural feequenehas’ of ‘the symem. 

To extract the commpl component of syitem:tehevior,-we first: generate the glegenetive cigsses 
of the system. This ts:dene by:‘colingsing’ each ofthe pasts. The-alerhative classes gartition the 
- states and everss of:the-syrem net: There are.two-types of: alternative ctasses: thoes that contain 
akernative clases induce a quetiont net that is:aneeht.gtaph:. This is the guntval sruciuge of the 
* system. The mestings form the events of the control sencsum, while the links farm the states, As 
with any quotient system, the control structure loses certain fenturne:of te erighnelaystem..-\What's 
lost is just the ability to distinguish between aieernptives, Por each symera simulation: (simulation of 
"the two simatations are-iscmerphic.. The second simulation is obteinedt from the first by zeplecing 
each icicaca tk olen: el te Smtaece of tae lberealted loon bu hack ed aheeial ndlarag 

Distinguishing between. akernatives is the domain of information. That's the topic of 


Chapter 4, and in that chapter modes:.ptay 8 Srupdegental role We note here an important 
- property-of moder: ench mede-tntannets qnuh qinenetive sinm-ia-quaciig.one elymant. Apa direct 
result of this, each Se ee ee ee re 


The control seryourt provides 2:feanewart Ser 2: apniam.: On thet wndertsing framawnck is 
 ‘superimpesed!:the: af sabvavien: ee Giasinggpleh tarneey: akeonatives we 
introduce the: nanjen. of ‘inkermatinns| semana Ebe-quiannetional conse of I: ‘eernant 
(etnte or everit) ts just she get of enccles suubaded from, thahelemant dhacthes mates that do not 
- {nformation-content. So new & sjstém deynat-can be weliqeely identified. by epanil ying 4wa things: 
0) the aiagenative clue te which 4 belpnys-ond (0) dincigiahention etnies. W- we associate 2-oplor 
with amet rth, then: we cam: Candee aterm sent eetgneaeterhahaa orton sae 
> informacion sith: the: resohstow ef -thglaies: 64 
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Cora chon il ver gy wich crn gata fe che We define the 
Cfo ere ob he frien cnt ft erent mint oboe 
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“an event dati 0 be te lnfrmaton cnn of tht event minus the combined information 
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content of the event's 


: ‘We have the following two theoreme: 


| The information tain of an event « 1s the tof made covering thane events bu for ‘' 
conflict with ¢. 


The information of a8 er he of mks ring tert ck 
conflict with ¢. 7 
“This means that information 1s: qalid by 2 spinetn at ‘precios ‘thene ota where: thane is. 
” frends conic, and is yet oy'a‘sjhern at peectedty pine paeunet whiereehere 184 — - 

” Purthermore, ‘the informatio gained ‘or lest in a conflict situation % eqatvalent to specifying show 
the choice is resolved. The same sorte of ideas apply wo cotsteiined’cholem, exeapt now the — 
information to resolve the choice is supplied by the system. 
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Chapter 5 Control 
| The control compondet of osum behavior ls entry determing by the control structure 
Since the consol sage an even gph, the teary of cong the ney of evens grape 
We should: mention that virtually all of our ranula partin i event graphs covered by basic 
- Sires (olemencary circuits containing enacy one than) Phiten 
mee a gs wt a em a ng tt cee 


ir For us since the 
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wm ‘s boa ee ‘ + ae ee: ca : 
ao SO REWE MG aPte rel os) Deby oe cee 1 reg 
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sth‘ Gai ol ea ib Ges aks covey We edd 0 wien 
+: snane event.are totally ordered). ‘Tha vag kn shi op aned. 

“graph threugh:the consept at, umehnenic deiny.. Tin anche tan a8 

area ansehen fe ml 


v<apaahe baring, Soe neem 98, Ton ) 
above. 


There ex pl ram fy wh Magy sv ara put wth 
synchronic delay of k-l, 


T Remember that a simulation fs a partial order 


of "back-cone' and ‘front cone.’ The beck cone-af an event-¢in'an-event geaph:ts the set-of states 5 
such that: there does not existe. path of. delay sere terminating atic-and whose-Sigst state is s. The 
front cone of 41s the set-of states s such that there does net exist. path of delny zero originating 
at ¢ and whose last state is's. There tsa shinple velattenship iatween: spncironic delay-and back 

and front cones: | 
The ymchroni ay of path» nan event graph ult he amber of times the 

back boundary-of p's wend is cromed. 

- ‘The synetironic delay of a path p is equal tothe number of: times the {remt boundacy af. y's 

fails crossed. ' 
Cones have an extremely ineresting ‘connection 06 the simaletions:af an event graph. - The. sates 
of a particular cone define a series of cone-like slices in each simulation. If it's a back cone, then 
these cone-like surfaces point forwards, and if it's a front cone, then they point backwards. At the 
tip of each ‘cone’ is an occurrence of the related event.’ For that occurrence, the ‘cone’ provides a 
boundary between the past-and ‘not past’ - if it’s a fonck cone~ or'the future and ‘net future’ - if 
it's a front cone. Between any two consecutive ‘cones’, these-te-exetty one oceurrence of each event. 
System space ts assaciated with the notion of ‘ayncheonic distance'l, which isa messure of the 
-“Gaxk' between two events. The smchronic distance betwann: twp events in an avent: graph is the 
minieal token loading on these circuits :containing both events, When an event graph is strongly 


‘ gnetric‘on the set of events. 


T Do not confuse synchronic delay and synchronic distance. 


Eve event gragt'quant:4) te.connemeds (0) teesenveta by Detiecaiqnns nad 42)-aptiety jshe 
class of states is called a phase The phase relation induces 0 quationt net that Je.an elementary 
Ctreutt. This {uedamsante! cirapit my be viewed 20 the ‘symam clack For each simulation of a 

A“ ot Soups sf Gigaty ows no ol) ag dig te Yai Mamrtenyg: on” 


‘synchronous’ event graph, we can pactition the coatwenas dutectiion socelledcinamnaia af ‘ane - 
and partision sey hating nto ste ie: tpn tayo Fhete sr ‘ype of 


slices strictly akernate. Cceurrences wih the sa tes oo mt be sacs The 


‘i @R@twe wo Sues oot one Se-egiep te ares 4 antteb sia sigig;mrnct g 
ets seis tof ime are Toes co a Be 
x: Chapter 6::Resdiiensad:Pandiaion:.: 
_-As-eremmined:eurtion, for anche oyttam steattanian:tegeects smeqending ear semtion 


and the properties of information flew o vey tinge fer patting ee peetinttg th 
_ irregular aspects of the sytem simulation. 
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- apatem -simustation, the n'th eocurrence: associated: with Mesting.: lean ectuccenet of Event ¢,;then 
swe sey that ¢ 1s the n'p teanmngtion at Mesting 2 (ferthet-synée stmalation). If-¢ ita hobling or 
' @rcurrence in the-systern senaltion, than wo-can speak of tetramer ot Miseting m relative 

> go In this case, wwil. be either: negative or postive, dapenting epenwhather the dénerrence 

-: aaaoctated with: the tranenction-ts befere‘or after¢.. 

‘We now: ennsider the following problem: 

We know that ¢ an inane a sme sans ad tat ¢ i acta with te 

akernesiye clam ¢. if wealee: 


sional tnotnge te abet te pnt pute of emcee 4 and 
subsequent tog? ve og 


| “The addienalLnowigy alow ot Many an oan ron uong abate This i 
exactly the sa thing that eer nation of infertion cont dot. 8 So the ‘information content’ of 
ies cuties bass he Rs Ge sce 
ATONE: Se a8. De Seen, tee Gre Oe Oe ree eon ere and vice versa. Of 

course, we cant my anything about how far the simolsion containing ¢ extends, either forwards or 
“backers, but we can may tat the puters of anon mu beggin’ with certain 
"requirements. (Our approach wth proba i yf arctan which the 
information associated with ¢ could have gotenthare (pemdiion) and all the ways In which it 
could have emanated dae wees (prediction) ‘eternton com cots os ot of exchded 
modes. Since information is ‘additive, sa can teent-ench mede-in the-infotmanion content of ¢ 


separately and then merge the results. 


Fee each exchuded made; we-know that by tracing the enchadton tackwartis Gormirds) we're 
_geing-to. generate 2 wehnet ef the siewintion sadlinting: whe-(éetnt}:q,, Tite subnet: defines a 
Partial. history of the teanenctions polar dautenquent) to-g:: n-gueeul, thereat be sevaval wach 


Due sirece «we're denting 
with finite syetens, thers isa a finder: way of chnnanniniag, the svat {forwards and sackwards) 
_ fpartia) histories aesociatad with-ench wuinded made:: Phe-eunes deditibed in-Chmpter 5. cage be 
used to ‘stice up the forwards and backwards pesttel tlsarlen «bask: amnen:fer'backwards iistories 


and front cones for forwards histories. This peutimes a ‘@ fale sat: of * history: segitents'. To 
area Wee ot Neswards ax: Cached pare Sime, =e aed omy Comering he the 
__Sppreprian sagan may ba-canenaed saute. Merde tie th a se grap ach ‘state’ 
corresponding to a particular segment. For & poridicion tat, ech path tderansaing-a8' s tinishing 
_— sate’ defines a poset Peck words. pattie! Nery we ® arsdidting Bf; each posh originating St ® 
-"aring wase dations a © pone forwards part hry. n beth carte ranscions neat 
with the nth node in pth wi beh 1h ranmecos cvepending pare ery. | 


Caper” Conlons he 
We discus aspects of the theory and the ataheary. ‘The dcomion of thoy at 
concerned withthe fre deco ofthe shana. Mh om of my, We uch upon 
- four rela apes: ace ° _ . 
foundations (is there set of ‘self-evident’ axioms f txt ey) - | 


CHAPTER 2 
PETRINETS: 


21. Nets: 
Paste Fe Chee GAN rear ee PE ONE COE. 


Def inition: ‘hud b xe Guanine ac Oh eae Bade 
AUB is the set of elements of N. (N will be viewed as a bipartite, directed graph with 
AUB as the vertices and C as the arcs.) 


Notation: In the context of a net structure <A,B,C>, we write xy to-niean <x, joa. For xeAUB, 


"x = {9 | yx} 
x° = fy | x9} 


Definition: If N is the net <A,B,C>, then R is a subost of N, writen RoNy if Re<A“.B’.C’ 
where, 


A’sA 
B’ cB 
C’ ¢ C MA’xB’U B’xA’) 


Property 21: A subnet is a net. 


Notation: If R is a subnet of the net <A,B,C> and Re<A’,B’,C’», then, 
for X ¢ AUB: Xp = XMA‘UB’) 
forYcC:  Y, = YNC’ 


Qg is the restriction of Q to R. 


DUBE dats oT late eS Sema SS Ta Bs RENEE ox 


22. Petri Net: 
The rules governing the behavior of;a:spmarn gre expressed in terms of a Petri net. 


Definition: A Petri net is a net <S,E,F> where, 


S is a finite nonempty set of states 
E is a finke nonempty set of events 
F ts the flow relation 


If s€S, then the elements of “s are called the input events of s, and the elements of ° 
the output events of 3. If ea, then the mummbers of ‘e are called a nee eee * 
ME, Cent NO eenhwet: 


ee eas tee Ww go . 


yee et UA, 


a oer 
He Baad 


et is a quadruple <, E, F, I> where, 


SE; Fos: Dowt ont: Sa Ae wien meg kote te: quae oF 
1h ts the ot of inbinL conditions 


Definition: A sate graph (state machine) is a Petri ast BEF> in which, 


Definition: An event graph (marked grap ) ian Peiek nat a he 
Wee: ['f =p’)! 
"Each ste has exactly one input event and one eutput event! 


(a) A State Graph eg “ey ‘An ‘Event. ‘Graph 


Figure 2.1 
eae x pe ae eae co Sates Pe 2 OOF rae 
“a : : : : 
BBO ae ES DO 


see sk sn tt mere el so ee epee es atest oe 


ES show that 


Site uaws 


aes hit acigademe pk a Figure 21 

_are now drawn as in Figure 22. It should be noted that this practice in no way affects the format 
ete: a NEUSE Bel gee Rgcnpme Se ete ow EC acaghh ro 

Wry eboonuecary # nd ln edhe ides is i ‘eh Sy 


(a) A State Graph “yy” An etvent Graph 


Figure 2.2 Abbreviated Representation 


Definition: If NeoG.E E> i a Petri net, then Re<G’,E‘.F’> is a state component of N iff, 


(a) Risa cognectad, non-empty sate graph 
(b) REN pees 
(c) F’ = FING XE U Ex$’) Bnd 


pacha rz mewn thn met 


amet 


Definition: If NucS,E,F> is a Petri net, then Re<A’, B’, C’> is an event component of N iff, 
_ (a).R is 8 cgpmecged, non-ernpty event graph 
OR commas 

(c) F’ = FIMSXE’U E’xS) 
"R is 2 connected, neces st igh to wh ar anced 
ee 


MEE Se PERE es ered grt Ag oy tegen 


; - Lad UR <BR ln, 0 3 ta! eft ie BPAY Tb eo eek ERG ty OE loo ate 
Definition: A Petri net is said to be at SGD) itt each element (and thus 


sonnet RAM sigs ore ders tnges oa et atres gti Tue bg eo 


i @ 
LF cate 


oe 7 ERO) Dep ast on fe! tg gf fe 


In Figure 23, we show a state-gragh demmpesition sod an 


Te 2078 a 


ast ts an eee ea 
the Petri net N. Each of the two nes in Figure 2506) ts a tn nate compart t and sac ‘it he 


_ two nets in Figure 2.3(¢) is an event component of N. Notice that each state component selects all 


arcs connected to @ state but just one arc into and ane arc out of each event. With an event 
component the siuahlon’ is jst reversed: Kk tla ol aryeffneantpencan evghe put Just one arc 
into and one arc gut of ach sete In the cae of N, there i 2'wiique itne-graph decomposition 
and a unique evenegraph decompenition. But, as we'll sce later, there may be several 
im te Ges on me ereee <meta, 


(a) 


(b) A state-Graph 
Detomposition of N 


Figure 2.3 


-(@) An Event-Graph 
“ pecomposition of N - 
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THRE 2 areata hie ihr Eines emerge eet yet (oT eBay ae eg 


Definition: A ¢ircuit is a (directed) path whose two endpoints are the same. An elementary circuit 
| oe ee 


Lemma 21: In a Petri net, the integmetion of a sommes 


\ (possibly empty) collection-of disjoint 
Proof: Let's be a state in the intersgption of a state core , An évent component. Because 
the: state component a ae a fe the event component 
arcs of the event conigainent’ By 2. dg ty one 


incident arc and one emergent arc for euch een 2 dipoapreactiptapral rece Boe 
fe ee ee rene eerie 
——— ee ee 


Theorem 2.1: In a Petri net that is both SGD and EGD, ee ee 
pana i sy gael | a _ 


Proof: Wresjusva\iisicek tas Geese as ielt fee, Suen tg 
‘syehenetrical. eet aos gua cain or 4 ——— 2. det is EGD, there is 


elementary circuit. Ph er cl ley legen charted citar Aa 
 Conmected. From these last two facts, follows that @ ts strongly connected. - o 


23. The Simulation Rule: . af i‘: 
fn Scion 1, gran norm pen thin fr Pt In this 
section, we formalize that rule. Our seteme is patterned. after the Sépacrence graphs’ of Hot (10) 


The base Keats very simple, “Given anion Prt de Sibel Rule generates all 
possible finite ‘simulations’. Hach sian prowe 2 mel rien omeng ss of sate 


‘holdings’ and event ‘occurrences’. Tent coinesh vitinnsbip reflenta the pattern of ‘terminations’ and 
‘initiations’ of holdings by occurrences. 

A simutation ts represmend 22's et <H1©, G> in.mhich H is the set.of hoklings, is the set 
of occurrences, and C is the causality relation. Si crdar to Watngalek tattoen eapaee instances 
of the same element, an instance (either a holding or an occurrence) is represented as an ordered 
pair <xn> where x is an element. - the. ‘instance type’ - and A, ip. a positive integer - the ‘instance 
number’. The Simutation: Rule is: defined recursively. The initial sleulation. 1s a collection of 
isolated holdings of the form <sJ> where 5 is an initial condition. In a simulation, the set of 
unterminated holdings 1s referred to as the front boundary’ Of the simulation. When there exists 
a set of holdings in the from boundary of an existing simulation consisting of one hokling for 
each precondition of Event ¢, then a new simelation can be generated. The new simutation 
contains one new occurrence for Event ¢ and one new holding for each of ¢'s postconditions. The 
new occurrence of ¢ ‘tarminstn’ the proviesiy ‘uaeunianed holdings of ¢¢ preconditions and 
‘initiates’ the new holdings of ¢'s postconditions. : 


To create new instances, we. employ an auxiliary function. . 
Definition: (x,Q) = {<x, QM {x}N)4>} 


wx,Q) creates a set consisting of a new instance of Element x. Eaderaeen eprer & one grenter 
jora.for an element are assigned 


than the number of instances of x inQ. Asa resuk,dnwnnee & ta iia 
in numerical order beginning with |. 


We're now ready for the formal simulation rule. 


wo ceehneenrradite ss op neste cae ee or 


“Definition (The Simetation Rutek i Z is the wittictend: Pow nat <6, E,.F, I>:then, .. 


() <IX{1},6,6> is a sirpulation of Zz. SRE EMS EEE oes: 


(2) If T ts: the enteting sinubation 41,:0, Co and if A. is:0: s8t 0f “boldings’ in the 
Se ee 
thin, He Pe ots ery Geir owe 


OUKeO) 
CU Areyle.0) Lyle, nogte HP! ts « inatntin of Z. 


(S) The Goity' dewbiiieioed of Z'ate thade'givel BY) abate 


_ Seep (2) trated in Figure 24 


i 6 ight: n{e,0}: Genee, eta « 384g 


Definition: If T ts the simulation <H,O,C», then, 
phe maar, BR MS grates sia ab ga 


! We're using a notational convention here. ‘it the Geeialei Of the fametiin'f'4s Q, and if the 
elements in the range of f are sets, then for XcQ, 


AX) = dy fix) 
Thus, ae", H) = i os, H). 


Toe 
; 


The ordered pairs in C are the element capnectio 
said to (initiate) Holding elementary causal connection 
leaning from h to q (q to h). TThe st of unterminated-Uonielioted) holdings is called 
Rive frac (eek) Peete 
In the graphical representation of a simefiggiom, the vertices are drawn as points. The 
simulation in Figure 25 i ne ofthe generated frm the net in Figure 2:%a) with States a, and 
g designated as initial conditions. Becatise instance numbers’ are redundant in a graphical 
representation and because they might’be confused with event names, they're usually omitted. The 
abbreviated form of the simulation in Figure 25 1 shown i Figure 26 Note that this practice 
has 1 effect on the Forenal representation of a simulation.” 
The fowing four proper follow needy from the emo rule 


pian ee A simulation is a'net. 


Property 2.3: hn ccc noe pi on ng of ch pron of at even 
and initiates ont holding of each posteandition: 


Property 24: A holding is jnitiated by no more’ than ene-qecurrence and is terminated by no more 


Property 25: A simuiation is circuit-free. 


Definition: Consider the result of taking the transitive and refiexive closures of a simulation. 
The new -sructure is transitive, reflexive, and - because of Property 25 - 
antisymmetric..In short, it is a partial order. We write x<y ta indicate that x is related 
to 9 by this partial order, and x<y to indicate thet x<y but xmy. We adopt the 
following terminology, — 


xy - x and'y are coincident’ 
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(3,4) © 


Figure 2.5 A Simulation 


? eet : eae Roe PPE gy So See! ce ng eee mee peers Tie a cl Mae Shall Se 


egy - x precedes 9 
9 foltgws x 


“fy A gfx - * and 9 are concurrent 
(hin ly tar cantcbics va acne pide lad tales nal. This is not 


normal usage, but it's more convening fpr aur purposes. Notice that concurrency is 
rating man ef 


Tn pope oe etm ee it 


Property 26: isos cb icant ic abd 
<a> are innmeayy ta T, eg a> te tie ayy meee 
nem. e i a es 


simulations. 


Theorem 2.2: IT 1 a smolatin GG inkinind Petr et <>, then, 
- @dl(T) © eel, 
"The image of a path in T is a path in N.' 


Proof: Evy ST a ee Oe eee ae ree, ee This 
together with Property 23 lends 0 the ale 


Definition: A strand of a simulation is a path originating in the'back: boundary.of the simulation 
and terminating in the front boundary. 


Definiton: If T=<H,0,C> is a sleulation of the initighised -Poprt nat. <6 
of <S,E,F>, then 


for Ag HUO: ree = {qcARe(S,VE,)} 


"Ag contains those instances in A that have@neyes within-R.' 


for BcC: Bp = {<p4>eBicp. @>eF} 
"By contains thoee ares in'B that have tmiges. within’ R? 
Tar tnOnle 


Property 2.7: MTs 8 sn ofthe ind Po <> and R a abot of then 
Ta, sa. subnet.of T. 


Property.28:. If aging mslasion,of the initialized. Petri net. <SE.EJ> and. R is 2 subnet 


of <,E,F>, then 


Fy=FIUSgXEgu ByrSq) * Cy Cree OgU O,xHy) 


. MEF cmt a er Tenino soo ieee Gy coma of an 
eee rene eee nea 


Property 29: If T = <#,0,C> is a simulation of the initialized Petri net <N,I> and R is either a 
state component or an event component of N, then, 


Cx = CIHR xOgU On Hy) 


‘CR consists of all arcs in C connecting two instances of HgUO,:' 


5h oe 


Theorem:2%: If.T eS yageaiiamaaall 
N, then T', consists of [ipl diejaint-seeads! ; 


Proof: ee In™t. ™ 
form Mig} die joint straniis. | ihe | 


Now suppose that <H,, Oy, Gib aeataae ot nN, I> for which the theorem is satisfied, 
and that <H, O,, Cg> is derived from <Hi,, O;, C,> through a single application of Step 


(2) of the Simulation Rule. yom lhewe mala an Coane ¢ eed < See of Reneings A the 
front beundar) of eH; Ot;r men at, Oo er 

Hg «= Hy U e",H)) 

O, «=O; U ¢¢,0)) 

Cy = Cy U Ax(e04) Mt (ey iale' A) 

From Property 2.9 we have, 


(Cap = (Crp U Ag talady ry Vida ret 

There are now two possibilitien: ¢ 1s contained in R, or ¢ UAgt.emntniped jn rR. In the first 

case, IAgl = Kele,O)))gl = NeleHy)yl = L And in the second jAgl = Kele,0)))gl = 

ab «0. is naan aia ies oO 

In the net of Figure 27, there is 2 H4eten! sis caceanal adh SP ashes svc 
and arcs that lie on the outside ring. According to Theorem 23, there should be two strands 
~~ atsociated: with that state Component: irr euch: shnvilasidit OF he et: AThete vanes ‘are: shown for 
the simulation neue 2s Note atthe nat a Pagar 27 cans another Peake sae 
_ Component - the inside ring - tose tlesack ene ned me Reta’ ‘The reader may verity that the 
simulation of Figure 2.8 contains the ppp nan OF ses Pet hae 


t H,i is the number of ‘tokens’ on R. 


epee: Sakae e aE beets Boe ew Ree Ney neck ny ee Dorey yg A Spa ty SP 


Figure 2.7 


Coretiny £1 WT te u aalangn’ of the:nddadlind. eel Net filo, and Rte o-Fteben same 
ren ee ees ae 


Ccllary 28 1 A4/C> ts» htuhteg ihe dnnigfand: Burt bet ae, tad Bt 6 Haakon ante 
component of N, one Ree Ng Og oe ey one 


Corollary 23 If T is a simulation of an initiatized Pete} net by I-token state components, 
then within T Uke instances of each element are t ordered. 
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Figure 2.8 Strands of a State Component 


BYP ESBS Dee ne ticget yt ica ee RR aR sie Be ere Sen Het Fa ee ae ey ake ed 
< E 3 FEES aed ts EOE 


% 
CHAPTERS 
SYSTEMS. 
S.L_ Assumptions: 
Like any-theery, the one pressnted here-is based.on-certmin.gsgumptions. The major ones are 
the following: 


(1) Asocited with each sytem 2st of ste (condition) and event - the spear seri. 


(2) The gia sip of sem bahavir canbe comply expend in tre of the 
possible pattaens of ‘state holdings aed event ang Be 


(8) Patina as a sprint on fo epmemig the gl cnn ha ea 
Pisee nie Nemes oe Conroe ee ne eee 


) ‘ame uy be ves te spe emg serra 
induced by. those compenmata a inte ak 


(5) Every. system elemant da-gart.of at least rat aaa tee: 


-Aaahinsclcasll Gea ie acti be ances witha aeons 0G aes 
myriad facets of system behavior. The notions of state, event, holding, and occurrence appear to 
be general enough to encompass everything that one might consider to be "logical behavior’. Note 
_ that we. are ‘specifically excheding: thoee-sepects of: realaynat: ouplionble- in logical terms - for 

cas we're-denting: with-finke systems, there-must be a:finite way of char: 
constraints that a system plied on the holdings and occurrences of its elements. Experience with 
Patri nets has shown them to be ideally sulted {or chespetecising such.conatpaints.. This te the basis 
for Assumption (8). | 


The most natural we of introdutilig the: tition of alternativeness is by assuming the 
existence of sequential components. ach 40: Wangenent induess a nateral. postition of 1c 
elements into akernative classes. (To be explained below) By assuming that abernative classes 
from different components do not partially overlap, we get a partition of the entire set of system 
elements. This is the meaning of Assumption (4). 

Assumption (8) inerediets the Reieeoet shatyenmr Seba vier: ttepbpatuse: hasbeen an 
important concept in many different disciplines, but these disciplines have baew- based ‘on 
Fe soa cc ae ebm rele nine e ET eo re ere 


peer see eyes 


conjunction with a dacrete model should net be too senprsing though After ai, wee yng 
esd iyrtaye To aMeqer itued « 


deacribe the sume rely whethte #€ wit = donna malar NtbanmEeNel: 
The five : I esteematindcelianicerveirr titan ‘Pls ‘Gat inion 


DO te brig ee ‘ibiod ¢ ff res BRK 


incorporates five axioms. ‘Achough than aor excate any meerating ac meaningfl net, 
tA pees Re REE Be Eg Ea Se Rae 2 cute he someeb i va: EEF ie! 


han 20 far panier ely Much more 
wb Sent: thet mneinptions they 


"Tin the preceding chapeer we'disinguished Sepweence Pout ait! and an :‘initin lized - Reta net’. 
We do the same for systems. This section and the next three are: actoemnedc:with the: qurely 
strdctural properties ‘of a: epbban: Seaton "h® inemnperetid: WillitigrBehaviceal propesties of an 
| "theta ged system. Hee Fins fue gat OR adie ees g cgett eave, 
" We begin by defwming the gun 6h cons eta Pervert wate notte 


4 


of states and a set of subsets of events. Ene Shoah ot en see Oe Smee & ANE Of 
state components - the ‘parts’ of the system. The subsets of events are used to generate a covering 
of event components.- the ‘modes’ of the system. We could, of course, have-inchuded the parts and 
modes themecives in the definition of a system, but-there.-would have been-.a great deal of 
redundant information. We're taking advantage of the fact that a state compen la: wniquely 
identified by its states, while an event component is uniquely identified by its events. Nete-that for 
a given Petri net, there may be several coverings of both state components and event components. 
The constructs of the theory will, in general, depend: npan which: coverings are selected, but the 
implications of this are not fully understood. 


Definition: b- <N, Dp. Dap where, 


N- S, E, Fo is a Petri net - he sam nt 
Dp s P? (S) is the part decomposition’ 
Din & P(E) is the mode decomposition 


X denotes SUE, the sytem elements 


Axiom |: N is connected. 


This axiom merely prevents a syitere from having severat discenmected components. This is not a 
real limitation since in such cases euch connected component caw be treated.as a separate system. 
Axiom 2: S = UDp 
A 
VAeDp: <A, "AUA’, FOXAXEUEXA)> is a cannected, non-empty sate graph 
"The sets of states in Dp generate a covering-of state components.” 


PLA) denotes the power set of A - Le, the set of all subsets of A. 


Definition: Fixe state companents generated by the sets in Rp are calles she parts of Bb. The set.of 
parts scene by P. 


When the system 6 :is: initialized, we will require that-ench past be assigned. exactly one initial 


Axiom & E ©'UBy 
K 
VBeDip: <"BUB’, B, FW XBUG28)> ts 2 connected, fen-empty event graph. 
"The sets of events in dy generate a coveringrel enint compenents.’ 


Definition: The event component generated by the ssn pyar cid the mode of The set 
of modes is denoted by HM 

Bach mode isto be anocited witha stady-sate pater of behavior. The reasons for this 
interpretation are simple. If an event is involved in a sundy-state pattern of behavior, then all of 
the states connected to that event are also involved. For a state that is part of a steady-state 
pattern the situation is different. bissk pis bad ths ete edd as ect nade es es a 
involved. So we see that sendp-stute behavior ts aetuntily aueciaud: with event-cempenents; In 
components that comprise the modes. 


Property $3.1: Every part and every mode is strongly connected. 


This follows from the fact that N is both SGD and EG... See Theorem 21). 


Property 3.2: aaa aosirians 


store N tn comewet fasion 0 and evil by. seg sun competes Proper $1, 
reust be strongly connected. 


$8. The Part: 

The main reason for Jaci pat our fino of pe i 0 that we can define 
the notion of alernativenses We begin by aswuming that aqncurroncy and-akernativeness are 
mutually exclusive. That 4 if two eptem elements may eke hold ar cour Yoncurrenty, then 
they cannot be considered aberative The most natural way of guaranteing that two elements 
will never hold or occur concurrently is to require that they beth be contained in a single token 
state component - that is, a part. But we don't want to say that td Meinents ate aferhiative just 
eens ed mene ee te mere Pal re ee ee 
crcl, then no two elmans on the cru can be sid © be ataratve Ted's boca 


however, in which two elements would definitely be called alternative: hee they are akernatives in 

a choice. Sic out tary Mt nda tbe yea wh rapa the forvards and 
back ioards directions of time, we include bath fermnnie nod backwards choles: In Figure $.l, 
Events ¢, and ¢, are alternative, as are Events ¢, and ¢,. We carry this idea one step further by 
defining the ‘akernative closure! of pect: If. two-sloments in-0 past are-aheeriatbve; then their 
immediate successors within the part are aleo alternative, as are‘thelr iniedbate predecessors. 


| Thus in. Figure 52, States s:and ay as well as. Stupes 9; 0nd-sy, aseweinative. 


Guee; OFF 2 


‘This idea is formalized as follows, ee ee er ae 


iS 


. Definition: The amen oe or at tn mii elton Op ch that, 
: veeXp: al . | e . 
vee Xp xyecpy A Uayreghage v eyeyheyt) ° tre 


We ay tat sand ar bara P) fay bat yy (We do not sy 
thatan element-tsehonaive- whl tel) © 28 


Theorem $i For: BeP, o-p is an equivalence relation cn'the dentaveof P.and, - 


events.’ 


| If = is an equivalence relation on the set X, then X/m denotes the set of equivalence classes 
induced by s. 


b .) 


Proof: Reflexivity and symmetry follow directly from the definition of ep. For transitivity and 
the second part of the theorem, we make use of the fact that.two elements are related by op 
iff there is a state from (to) which there exist paths of equal length leading to (from) those 
two elements! Thus if aeipb afd belpc, we hii thir in a a 
and legis, 


: ad 
Sma ~ 


Because a part is strongly connected (Property 8.1), there exist paths ng and jig as shown. 
This gives us paths of equal length leading from 6 to « and ¢ - namely, pguguce, and 
MeMopes,. Thus, cape and ofp is transitive. To see that a state and an event can never be 


abernative, it is only nevemary-te note that betwien--any: twa etpnes.ait paths. are of even 
length while between a state and an event ail paths are of odd length. o 


Now since e¢p is an equivalence relation on the-elements of: Prat P, o<p.indyoss a: quotiqnt net 
of P. 
‘Definition: For Pep, 


p* s <{h,,,| ed 1) 
{deg lihey? | onp>e p> 


t This fact may be verified by the reader. 


Property 3.8: P* is a net. 


: . 
(a) Part P (b) Equivalence Classes (c) P 
Induced by a, 


Notice that the quotient net in Figure 3c) sam elementary trout: This a always the case 
lengths of the dementary circuits in the correspendingpert 86:2 
Definition: If G is a strongly-connected directed graph, then, 
(0) = ged nin ts the longtte i se clemnantery ebieate nN} | 


Theorem 3.2: For PeP, P* is an elementary circuit of length 4(P). is | 


Proof: The definition of ep eliminated all branching, both forwards and backwards, in P*. 
Because P is strongly connected, 0 too is P*. It foltews that P* is an elementary circuit. 
Let n be the length of the elementary circuit comprising P*. We note that two elements 


belong to the same equivalence class iff the length of every path between the two is a 
mutkiple of n. Now each elementary circuit in P may be viewed 2s 2 path starting and 
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terminating at the same element. aaa alan gis rig el as 
be a mukiple of n. Thus, n < y(P). Co gai 


a ped nha Gora ea auute B begins sn pds ip the same 
equivalence.ciate-but net necessarily at the Such a path clearly exists. Its 
lengtiy is n. Let « and 6 be its two endpoints. Hind i 6 are in psu equivalence 
eee ean nes inate lepding to « 


ae “p N 
\ 
Ay M2 +My 
ae [Al =n 
® ra | Ad =] al 


Because P is strongly connected, there exists a path ps from b to 5. We now have two 
CIFCUES: fgg and peggy. Since every circu, clementary er otherwise, can be ¢ " 

into elementary circuits, it follows that {(P) divides the 4 reuies 

-particulag, -y(P)-diyideg, peat be ke ~ att rales 

anestes 

o 


also divide the difference 
oy(P)<x. -Cince welve alrendychawn shat-age(P) webape-noplP). 


The nate graph in Figure 3.8) has wo somata crcl, ne f length 8 and the other of 


length 12. The quent ined byt Eph show in Figur). It is an 
eon rea of ng 4 which th go 8 and 


~~ 


_ {a,c,e} 


(a) Po (by PF 


Figure.3.4. 


ne Wat weve done 2 far 6 pa pr fit 


ayes? 


“Tor tach part: ‘In order to 
construct a single quetient net~for the ‘entire: lial ala ices ls at the possible 
relationships t pawen two epeonive Cane from two different ane bale are three peepee 
(1) the alternative classes are disjoint, to ee neal onc oe or () they ae identical Since we 
needs parion of the sansa cnr goats stm, we mus arcade the second 
possibility, akernative classes that partially ie ol This is accomplished with the following 


axiom. 
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Axiom 4: VP;, PgeP: VgeXp fecp: “WeXp xp, 
qwe@ V ger 


"Two akernative classes are either disjoint-et ienteat' 


Figure $5 ithistrates the type of situation that is prohibited by this axiom. Part P, generates 
| an alternative’ class contalhing the ‘events: 4, and “ty: "Part °P, “yetiertees an’ akernative class 
OEE OE at crea: 3 Po ESET AT 2 US OB bigger Gye 
containing the single event ¢,. The two akernative classes overlap betiiwetiot identical 


Figure 3.5 Partially Overlapping Alernative Cites 


Definition: «Woop 


x inthe abernauivane raain for 8 


f 
si] 
Property 3.4 o is an equivalence relation on x,and,, 2 2 fos 
WA eX/ia«: AcS V AcE 
"Each equivalence cines-induged: by: sonening, citar apchusinely, stqbes or exclusively 


events. 


_ Definition: The equivalence cases: induced. by viemmens so 
Desist a“ — 
- pled eomenting: oe gle) OP rey ee Bar ye 


Since ec is an equivalence relation onthe elements of the net N, 0: induces a quotient net of 
N. i 


Definition: The control structure for i isthe quotient net N* = 6°, E*, F*> where, 


Se fll. i0S} belo 


F* = (fx]_).> | x9} iS 
X* denotes S°UE’. ei dasa’ eck ‘(Recall that x-9 means <x,y> € F.) 
For peX*, 
p* = {71 99) 


Buk Waa 


Property $5 Nis a net. (N* will be interpreted asa Petri net) 


The steps involved enreny eee eee eee ee ‘Notice that 
ta EE ee by 


beh pe 


the control structure may be viewad as an intrconsiin’ 6 « 


RICHES 2 


the parts. From this we have the following. 


(a) The system Net (¥) (b) The Parts 


Figure 3.6 Generating a Control Structure 


TS. 


Subp ee Dwg desde Sel < 


Be: 


ee ee sraata gisele 


rR 


ai 


(c) The Alternative Classes 


Figure 3.6 


{1,2} 


{b,c} {a} 
{3,4} 
{e, £} {4} 
{5,6} 
{h,i} {g} 
{7,8} 


* 
(d) The Control Structure (N ): 


(Continued) 


zs 
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Property 3.6 N* is strongty connected. 
Aa here i srathing oe tht we can ny about | 
Theorem 33: N* is an event graph. 


Proof: Each link / belongs to at least one part. Let P be such a part. Then / is contained in the 
elementary circuit generated by P. ‘Within that siscink, { bas af unique input mesting and a 
unique output meeting. Becanse P is a state component, those two meetings contain all the 
events that are adjacent to the sates in Reet are: EE cee, BS: BS: otter meetings 
connected to /. 


Since it is our custom not to explicitly show the states in an event graph, the links in a 
control structure will be drawn as... "tnks’. Thus, the contral structure in Figure $.8(d) will be 
depicted as in Figure 3.7. 


Figure 3.7 A Control Structure (Abbreviated Representation) 
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Between the system net N and the control structure. N®, there exists an iraportant. structural 
epee Seat nee caper ee eee eee ere er ee ee The 
relationship is itlustrated in Figure 38 and is expressed by the following theorem. 7 


Figuie 3.8 
Theorem 3.4 WeeE: VWieS*: ; 
Lol, [inde eats (a) 
Lol,  [iNd=0 | (b) 
"The preconditions of Event ¢ sqect‘ane state from each input link of [e],.’ 
pth iinet © 
(el, ol em fine ja0 — (d) 


"The postconditions of Event ¢ select one state from each output link of [¢),,.’ 


Proof: The theorem follows from these observations, =... “| 


ge oad 


(1) A meeting: anda tink:¢: are connected: in N* 460 :thane: is a.pnat P:mach:that m and / are 
connected in P*. 


(2) mand Lave connected ta P* iff:enchvevent ip ansis conmected:to anactlp one state it k 
(3) fm and J arenot:connectedl in.N*;then:ne-ante ind js eencéttedsteah etent'in mn 


35. The Modes: 
The ma et ge “The event components of N have an | 


Lemma 34: If M is an event compondnt of N, a 
Wgrext Kye re : . 


ea cme Nr ot a rm mar 


Bs 


zo cetigg 


py P3eX": pips @ Pi yl - Dae bit 
This fact, together with the connectivity of N°, predwees the desired reeut. a 


‘Mase are the nrusure that crapond 1 adi pater of erie. We shail take 
wos 3 S¥Letreds Most tists: ae Ha ty 4 
the term ‘andy! to ean that 8 ode nore an aheratve cas ino more than one 


Rhee oe Aary 
yagi Ot: AR > 


element. 


Axiom 5: WMeli: WeeX*: Kylyi¢! 
‘A mode and an alernative class intersect-in no: nore than-one element.’ 


In figure 8.6 we presented. system net tagether.with a set of pats. Wien these are combined with 


- the modes: in Figure $8.we get a complete spatem. . The-rendar:may: verify that Axiom 5 is 


satisfied. 


Figure.9 Mode 


From Lerma 81 and Aiom 5 follow ht x mde eter ow not intr any aerative 


chs A a or interes ech aberatve ca eat one ‘Ba the fis case cannot be, since i 


Ses AN? 


woukl imply a mode with no elements 
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Theorem 85: VMall: VgeX®: Kafe! =! 


Corollary $1: WgeX* igi <M 


‘The size of an akernative class cannot be.greater than the number of modes.’ 


Theorem 3.5 together with the next theorem extablish an impotent relationship between each 


mode and the control structure. 


Theorem 36: VME: VxgeXy: 
apely oo ixlolyl, 
“There is an are in M connecting x to y Mf there isan arc in N¥ connecting (to 
Ol...’ 
Proof: * Definition of N* as a quotient net. 
# Assume [x],,4[9],. Either x or 9 {but not both) is.an-event. Assume it’s x. By Theorem 
$.4 and the definition of a mode as an everit.component, there “exists an element 2 in 


Xp My]: such that a,r<Fiy. But by Theorem $5 we know that there-is only one element 
in Xx N [yl]. Therefore, 9 = x and <x9>4F y. . 's 


Corollary $2: WMell: M is isomorphic to N* 
"Each mode is tsomerphic to the control structure” ~ 


We now have a nice visual interpretation for the class Uf nets produced by “Axioms ! 
through 5. Each net in this class can be viewed as an interconnection of isomorphic event graphs. 


If we imagine the elements in each akernative class to be vertically in line, then each mode will be 
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roughly horizontal (see Figure 3.10). In the top view, alternatives are indistinguishable. So too are 
the modes. Their projection forms the control structure. In the side view, we can distinguish 


between the alternatives in an alternative class, and we can identify the individual modes. 


TOP VIEW 


° — 
LF. Control Structure 


SIDE VIEW 


@ oneness 


Ae aS 
Sa 


Figure $3.10 Views of a System Net 


Individual Modes 


From the structure of the modes, we can say something about the structure of the parts. 


Theorem 3.7: VPeP: WMell; PNM isan elementary circuit of length y(P). 


‘Proof: P* is an elementary circuit of length y(P). Since M is isomorphic to N*, M contains an 
elementary circuit of length y(P) whose image is P*. This circuit is also contained in P. 


Corollary $3: WPeP: P is covered by elementary circuits of length y(P). 


3.6. An Initialized System: 


Over the last four sections, we've established the structural properties of the system £ We're 


now ready to consider the behavioral properties of the initialized system 7. 


Definition: 7 = <Z,Dp.Dy> where 

Z=<S, E, F, I> 

I¢S 

VAeDp: JANI|=1 

I is the set of initial conditions of 7. 

Z is the initialized system net. 
The third requirement says that I assigns exactly one initial condition to each part. 

If we think of § as the system ‘hardware’, then the set of initial conditions may be viewed as 

the system ‘software’. With this interpretation, a piece of software (Le. a program) has no meaning 


outside the context of a system. This is exactly as it should be. 


Since Z is an initialized Petri net, the Simulation Rule can be applied. 
Definition: The simulations of Z are called system simulations. 


Because Z is covered by I-token state components, namely the parts, the results of Section 23 are 


applicable: 
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Property 3.7: Within a system simulation, all instances of the same element are totally ordered. 


Property 3.8: If <x,m> and <x,n> are instances within a system simulation, then <x,n> is the next 
instance of x following <x,m> iff n=m4. 

We've introduced the initialized system net, and now we introduce the ‘initialized control 

structure’. We use the initial conditions of the system net to generate a corresponding initialization 


of the control structure. 


Definition: Z* = <N*, I*> where 
I* = {{s]_, | sel} 


Z* is the initialized control structure 


In Figure 3.1I(a), we show an initialization of the system net from Figure 8.&(a). In Figure 3.1(b), 


we show the corresponding initialization of the control strucure from Figure $.6(d). 


(Z| —) 2 


Definition: The simulations of Z* are called control simulations. 


In an event graph, each elementary’ circuit tsa sate component, afid vice versa. The control 
structure has a special covering of elementary circuits gereriaed By 'dhe.parts. Because each part is 
assigned one token by I, the corresponding elementary circuit is assigned one token by I. 


: Theorem 3.8: Z* ts covered by i-teken state components. 


Corollary $4: Within « control simulation, ali instari¢es of the same alternative class are totally 
ordered. 
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Corollary 3.5: If <g,m> and <¢,n> are instances within a control simulation, then <g,n> is the next 
instance of ¢ following <g,m> iff nemd. 
We now show that for each system simulation, there is a corresponding control simulation, 


and two simulations are isomorphic. 


Definition: If T is the system simulation <H,O,C> and ¢ « HUO, then 


@r(q) = < [4], {reHUO | r<q A PecG}l > 


@7(q) is going to be the image of g in the control simulation corresponding to T. Notice 
that @(q) is an instance of the alternative class to which 7 belongs. Thus, if two instances in T 
are associated with alternatives, then those two instances will map into the same type of instance in 
the contro! simulation. Because of this, the instance number assigned to @,(q) is not necessarily 
the instance number of g. We must count the number of instances in T that precede (<) g and are 
associated with the same alternative class as g. The instance number of @y(g) will never be less 


than the instance number of ¢. , 


Definition: If T is the system simulation <H,O,Co, then, 


T* = <@q(H),O7(0),7(C)>! 


In Figure 3.12{a) is a simulation of the initialized system net in Figure 3.1Ma). In Figure 
$.12(b) is the corresponding simulation generated by 7. Notice that the second holding of State b 
in T corresponds to the third holding of Link {b,c} in T*. 

The next two theorems establish the relationship between T and T* and the relationship 


between Z* and T°. 


T ONC) = {<Oq49), Oplr)>I<g7>€C} 


* 
(b) T 
Figure 3.12 (cont 


inued) 
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Theorem 3.9: If T is a system simulation, then Gp is an isomorphism from T to T°. 


Proof: @q is clearly onto. Now suppose that @-r(q)) = @q(gy). Then 
(41), = (49),, (t) 
Kr | rSgy A Poc@y}l = Kr I rSgq A PocGy}i (2) 


and 


Let c = (4), = [@),. Since ¢ is an alternative class, there exists a part containing all the 
elements of c. Consequently, the instances of elements belonging to ¢ are totally ordered. 
Line (2) says that g,; and ¢» appear at the same peint in that total ordering. Hence, 9, = 72 


and @p is 1-1. If C is the causality relation for T and C* the causality relation for T®, then 
it follows immediately from the definition of T* that, 


<q,7> € Ce <@r(q), @xir)> « Ct Oo 


Theorem 3.10: If T is a system simulation, then T* is a control simulation. 


Proof: If T is the initial simulation of Z, then T = <Ix{l}, @, @> and T* = <fls]_isel} {I}, @, >. 
But {(s)_,|sel} = I*, and therefore, T* is the initial simulation of Z°. 


Suppose now that T; satisfies the requirements of the theorem, and that T, is derived from 
T, through a single application of Step 2 of the Simulation Rule. Let, 


Ty s <H), O} C;> Te s <Hp, Oy; C,> 
T,* ‘o <H*, O;*, C,*> T,° ‘a <H,’, O,*, C,*> 


Now there must exist a set of holdings A in the front boundary of T, consisting of one 
holding for each precondition of an event ¢ and such that, 

Hg = H, U we", H)) 

O2 = QO; U we, O)) 

Cy = C) U Ax9(e,0)) VU 9(¢,01)X9(e"H)) 

We must show that a similar relationship exists between T,* and T,". We note that 
(e], € E*. Let A* = @rp,(A). Because A is contained in the front boundary of T), and Op, 
is an isomorphism, A* must be contained in the front boundary of T,*. By Theorem i4(a 
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& b), A* consists of one holding for each precondition of [e].. For the three components of 
T,* we have, 


H,° = Or, (Hy) = er, (H,)U@r, (n(e",H)) (1) 
O,* = Or, (Oo) * Oy {0 )Uer, ( ¢,0,)) (2) 
CaP = [Op NO, rlegr>eCy} = [O7,(O7, (r)>Iegr>eCy} - 


U {<@r, (Or, (r)>\<q,r>€AXn(e,0))} 
U {Ory (9).Or, (r)>1<4,r>€91¢,.0 1) x9} 
Since T, is, in effect, a ‘prefix' of T., we have Orr, (9) = Or, (¢) for all geH, UO). Thus, 


Gr, (A) = Or, (A) = A 

67, (Hy) 7 Op, (Hy) -H;* (4) 
67,()) = O7,(0)) = o,* (5) 
{<By,(7), Op, (r)>leg.r>eCy} = {<Bq, (9), Op, (r)>1<g.7>€Cy} = Cy? (6) 


Let <s,n> be a holding in #{e°,H,). Because (s]_ is an alternative class, there exists a part 
containing all the states of [s],. Therefore, the holdings of states belonging to [s),, are 
totally ordered in both T, and T»,. Furthermore, <s, n> is the last holding in the total 
ordering of T,. From all this, we get, 


Or, (ole) = {<{s]_.,n>| see’ and n is the number of holdings in Hy of states belonging to 
Us),.} 


= {<[s]_,.n>|see* and n is the number of holdings in H, of states belonging to 
[s],, - plus 1} 


But by Theorem 14(c & d), {[s]_,see"} = {Ls],,1 Ls],,€ (e],,°}. This, together with the fact 
that 6r, is a bijection, gives us, 


Or, ine", Hy) = (eLs], n>] Ls] ¢ [el,,* and n is the number of instances of [s],, in 
H,*- plus I} 


(Oa he U) 
Similarly, 


Or, (al6, Oy) = allel, 01" (8) 
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_From Lines (7) and (8) and the fact that @r,(A) » A® | 
{Oryg) Op lrbtear> € Axee0,)) = AMM, of ie ae (9) 


{<Or, (9), Op, (keg 7> SveOjPwit ta mason ma 4, (10) 
Finally, we get, 
Hy? = H,° U @ile],*, Hy") | : Limes 1, 4, & 7 
Os* = O,* Ugilel,0)9 7 Lines 2, 5, & 8 
Cy* = C,* U AP valle") UWA PMO) Lines 3, 6,9, & 10 
"Since, by hypothesis, T,* is a simulation of 7°, wt at coche tat Ty is alo a 
simulation of Z*. a 


aaiiitines as | ory ee ae es 


: n Pen Sem sna sk tc stan 8, 
gemeral, one-to-one. as Sb em mag + a 
control simutation. 


In this section, we present three examples of initialized systems. For each one we provide an 
The inane seam dapat la Fgure 81 pte theatge bi pipet The three 
parts comprise the three stages. Bach mode correaponde tthe shifting of cpnstant ‘information’. 
Bits’ eniter at the topmost stage and are pased from sage wo stage until they are lost at the . 


(a) x nitialized: system Ket. sce) deaste 


Figure 3.13 Three-Stage Bit Pipeline 
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nol oh. ode HEIs eSgitg athe Pea ES OA de Gocabetehig on WEY 


{12} 
(o<}( $42} 
{3.4} 
fer} {$f} 
(56) 
(ny { $f) 
{78} 


(d) Initialized Control Structure 


Figure 3.13 (Continued) 


a) 


The initialized system shown in Figure S14 is formed by taking a four-stage bit pipeline and 
connecting the first and last stages. The result is a circulating bie pipeline. Notice that in this case, 
‘bits’ are conserved. ae 

TThe initialized system of Figure $15 describts a half adder The choices associated with 
States ¢ and } represent the two binary inputs The reverse chotoes sseocieted with States k and / 
Fepresent, respectivély, the sum and carry output Thee are four mates and ‘they correspond to 
the four possible operations. Netion that the yom net la covered by four token sate 
components. We've chon two of thud ay our pata Akhough the choice is arbitrary, it has no 
effect on the reauking control srucyre..<(There nrg however, suations in which this is not the 
case. The net in Figure $16 is an example, Depending on which covering of state components is 
selected, either of two control structures will be generated. The significance of this ts not yet 
understood.) 
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(a) Initialized System Net 


Figure 3.14 Circulating Bit Pipeline 
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(b). Parts 


Figure 3.14 (Continued) . 


7 


(PeRUTQUeD) PI’ ernbtZ 


eepon (>) 
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| 
{58} 


(d) Initialized Control Structure 


Figure 3.14 (Continued) 


PA TEARSAEG: SIRT re 8 patisftcatteingta ott a SRN pga Pa ih a RR IM Me wd age Bee TE LY Wg MRT ER 
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Input A Input BC 
ane TEE amma 


(a) Initialiged System Net 
PS ee ce 


Figure 3.15 Half Adder 


(penuyQUu0D) GT°¢e erznbta 


eazea (cq) 


(penufquep) ste eanbta 


sepon (0) 


(penufqued) sT°e exznhtaZ 


_ sepoH (9) 


cringe bees Bis Tei ce Margin erred tt) 2 jase ake eee peace asl aes ; aby teytad 
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(d) Initialized Control Structure 


Figure’ 3.15 ““(egreimued): 


Figure 3.16 System Net with Two Control Structures . a 
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CHAPTER ¢ 


4.1. Information Content: 

In this chapter we continue with qr study of the system f In Chapter 3, we showed that 
the contro! structure N* detarrnines thowe aspects of baba vier that resuk when alternatives are 
made indistinguishable. We are now inberested ‘in providing the ability to distinguish between 
alternatives. We ives the man of Tahsin sins tt pops 


Definition: Ti ot pr mig E+ The set of sendes cincaining 
Element x is denoted 


Definition: For x « X, 
Ix) = Th TKx) | | 
"Hx) ts the set of modes excluded from x4 Thy) is the jnforepation content of x. 


The reason for defining information content as the set-ef excluded rather than included 


modes has to do with the mactution- ef choion. This 4 Spvomad iy Sections 43 and 44. We 


might note that when an eat hat ne shpat, thr ab 9 mon exchoed (There 88) 
and, therefore, the information content of the élement is mull : 


It is convenient to associate a color with each fille The information content of an element 


t This resembles a definition by Hok and Commoner {18}. In the context of a strongly connected 
state graph, Pn ee ee ee ee ee eee 
circuits. 


a 


can then be viewed as the set of colors associated with the excluded modes. In Figures 4.1 through 
43 are the system nets for the syaems described in Figure $13 through 35. We've associated a 
color with the events defining each mode. Next to each system element is its information content 
expressed as a set of colors. 


Theorem 4.1: Wx;,%3 € X: 


Derlenttaly A Kx;=lg) ah | 


"if two elements belong te. Name 
cosa, tan ay mun bo oe ; 


} clnes and heave the same information 


Proof: « Obvious 


* Th ah ert 8 ro 

(a) 16x oxy) © HUx, Tx) 

ts) Rach shes i eoceubauakdl ne Was oa cha 

(c) A mode intersects an alternative class in exactly one element. a 


Glass to which it belongs, and (2) its information content 


42. Information Flow: 
Suppose that q, and qs are instances in a system simulation, and that there is an elementary 


causal connection leading frem q) to gz. 
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Red = {1,3,5,7} 


Violet = {2.46.8} 


Figure 4.1 Bit Pipeline ~- Information Contents 


of the System Elements 
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Violet = {2,468} | 


Figure 4.2 Circulating Bit Pipeline + Information 
Contents of the System Elements 


Green = 1,3,3, 9, 10,12 
Red = 1,4,6,9,11, 12 
Orange = 2,3,7, 9,11, 12 


Violet = 2,4,8,9,10,13 


Figure 4.3 Half Adder - Information Contents 
of the System Elements) 


Let q, be an instance of x, and gp an instance of x9. Associated with q; is the information 
content of x;, and associated with qq is the information content of x». We shall interpret the 
information that is common to both x, and x, as ‘flowing’ from q; to qo. 

Our convention of associating modes with colors permits a graphic representation of 
information flow. The arcs of a system simulation are colored according to the following 
algorithm: An arc connecting instance <x;,n)> with instance <x,nq> is assigned a particular color 
iff the mode represented by that color is contained in I(x)) M I(x9). In Figures 44 through 4.6 are 
some simulations for the systems described in Figures 3.13 through 3.15. Using the correspondence 
between colors and modes given in Figures 41 through 4.8, we've indicated the colors assigned to 
each arc. The reader is encouraged to do the actual coloring. Note that some arcs may be assigned 
several colors, while other arcs may be assigned no colors at all. 

This formalization of information flow corresponds remarkably well with intuition. In 
Figure 4.4, we can see quite clearly the flow of ‘bits’! down the bit pipeline. The two colors 
correspond to the two different bits. At Events | and 2, bits enter the pipeline. At Events 3-and 4, 
the bits are transferred from the first to the second stage. At Events 5 and 6, the bits are 
transferred from the second to the third stage. And finally, at Events 7 and 8, the bits are lost. 

As expected, in the circulating bit pipeline, bits are conserved. As shown in Figure 4.5, the 
same two bits are present at the beginning of the simulation and the end of the simulation. 


' The notion of a ‘bit’ is very restrictive and is used here only in an informal manner. Formally, 
information is expressed in terms of excluded modes, not in terms of bits. 


Figure 4.5 Circulating Bit Pipeline - Information Flow 


COE ARS me DARE RRL a gee a ene aOR AR RR IRE OE RS SC a 


Figure 4.6 Half Adder - Information Flow 


log age SRO so RE 
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With the half adder, the situation becomes more complicated. It is no longer possible to 
interpret information flow in terms of bits. But the flow of information still corresponds to our 
intuition. As shown in Figure 46, information enters at the designated inputs - Events 1, 2, 3, and 
4 - and is lost at the designated outputs - Events 10, Il, 12, and 18. Notice that in each of the two 
middle simulations, information is also lost at an interior event. In the ‘0-H’ operation, the color 
orange is lost at Event 6, while in the 'l40’ operation the color red is lost at Event 7. At Events 5 
and 8, there is no such information loss. The reasons for this are simple. In the case of both 04 
and 140, we get the same outputs - a sum of 1 and a carry of 0. In these two situations we are 
unable to reconstruct the inputs from the outputs. The information lost at Events 6 and 7 is what 
allows us to distinguish between OH and 1+0. In the cases of 0+0 and IH, the conservation of 
information at Events 5 and 8 corresponds to the fact that, in both cases, the inputs can be 
reconstructed from the outputs. This short discussion is a preview of the ideas contained in the 
next two sections and in Chapter 6. 

We mention now an interpretation for information flow that the reader might find helpful. 
We've shown that the control structure determines those aspects of behavior that result when the 
alternatives in an alternative class are lumped together. We've also shown that information content 
provides a way of distinguishing between alternatives. Our practice of associating modes with 
colors then permits us to think of information as colors assigned to the ‘tokens’ on the control 
structure. The colors assigned to each token determine a unique system element. By defining 
appropriate color transformations for the meetings in the control structure, we can duplicate the 


behavior of the original system. 


Seppuse seat 4 stnte-enc: uv event in ie igen eekereeenneted: 


or 


| We might Ask how the norton sr of and 2 are rt. The fetowing theorem 
see @ Ke) = Ks) U Ts*-fe}) Seigedloi ee | oe fa) 
os 0 He) eK Uri) teed Aseiisenge. by . >) 
- "The: inforsmntion: cantget of:-¢ equnie:the infermation canterk of::3 plus: the set of 
welie covering a eu Sagat arena et eal 4 


PER Fo 


Proof: We prove just Part (a). 
Ms) = Ms) 

Since eas’, oa 
Ts") = HM) TMs'-fel) 
Thus, 

TMs) = Te) UIKs"-fa)) 
‘Because Mie) 1 Ts'-(el) = @ (Theorem $5)... 

The) = TMs) - TKs°-{6}). 
And, ze 
MEHL) =. TTAB IMSAe)) = CCIM fe) 
From the definition of: information content: we get, - ‘ 

Kd KS) UMM ti ee 0 


Corollary 41: WseS: WeeE: 
(see Vers) @ Ks) ¢ Ke) 
The information content of an event contains the information’ cintant of each 
- precondition. and exch postcondition of Ahe-awent:.. 0 oo 7 
To iMtustrate Theorem 42, we note that in Figure a HIM Ware. and Ma-(v}. So we 
have I(3)=I(d)UTIK4) as + predicted. Carta 4.1 means that, with | our ‘chara for coloring the arcs 
of a system simulation, the oulors entering and faving «holding are he sme, In other words, 


colors appear and disappear only at occurrences. 


What is the significance of Theorem 4.2? In the case of 344) ¢ icone of the: ahernatives in 
the forwards choice associated with 3. When that ghutedts encommered in the: couse: Of a system: 
simulation, it will have to be resolved. (We are not concerned at the mombnt:-witéther this is a free 
choice or a constrained choice, or possibly a combination of the two.) Resstving the choice is 
equivatent to selecting one of the alternatives in s°. But vabectinig an:event in 3” is equivalent to 
specifying the modes that cover the remaining events in s°. (Given TIVis*-{e}), we cari determine 
Te) and thus ¢.) Therefore, the information gained is géing flew s-Wi-one:al! the events in s° 
resolves the forwards choice associated with s: M@GEG Uhathwhin #:i:the ofily “wherwitive’ in 5°, 
there is no choice to be resolved and there is no information gant. . 

For the case where es, everything is reversed. We are now dealing with. the: backwards 
choice associated with s. Instest of'miking about thé infoiiattal guined in'going from 5 to ¢, we 
talk about the information lest in going from ¢'to 6: Test nafermation piaotves: the. backwards 
choice associated with 5. It is what we would need to ‘beck up! driniiState-2 to ome of the events in 


$. 


44. Resolving Conflict: 

In the preceding section, se sated ve-titenihdg Nenedia heetabermaaten content of an 
event and the information Content of & single precndition (potcnsition) of the event We now 
bok ar the reauonuip berwean th Infomation conte af an evant and the combina 
information of all the events preconditions (pectin) cote 

From Coroiary 41, we have the folowing as 


Property 41: VeeE: 
K"e)gke) and Ke")¢l(e) 
"The information content of an event contains the combined information content of 
the event's preconditions. 
The concepts of "information gain’ and ‘information less’ at an event foliow naturally. 


Definition: For eeE, a : 
re) = Korke) tees ee o 
Th) = Hehe): 2a bg Bees (b) 

Tote thelatgmnton mint ne 
. ‘Te the infarmmaion fo a Event e. 


The Infra gun Co) at Eve «i nt a n content of © minus the 
Core ei seonatien commen of oe eateatiditions).’.’ 


In Tables 4148, we litte afernaton gins and ees fer the een Figures 41-43. 
Nove that these cables are ecirely consent with our remarks in Seon 42 


We can think of-lnfrmation gain as inferton-that eaere a ape from the system 


wed ety | Penk pe: 
s 


envircrente,*iind iwé-eah think of information fess ss snfermasion teased, fppre the spear to the 
system environment. The significance of information gain and information loss lies in their 
relationship to conflict. | 

The term ‘conflict’ has been applied to the situation in which two events are concurrently 
enabled and have a commen’ precondition. Such a situation is shown in Figure 4.7. But for the 
class of structures we're dealing with, (forwards) conflict can arise only when two events have the 
same set of preconditions. (This is called free chgice.) The reasons for this are as follows. If two 


. Bit Pipehéine: =)... 
Information Gains 


mM 


als 


tap Qitewkatiog BaAt.Ripeline - 
Information Gains 
"INE VERS Be tite mand. Lassen. eats 8% dh 
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Table 4.3 
Half Adder - 
Information Gains 
and Losses 


r) 

events have a common precondition, then they must belong to the same meeting. By theorem 3.4, 
each event selects exactly one state from ench input link of that meeting. Because each link is 
contained within a -token state component (a part), ne two sates in the same link can hold 
concurrently. It follows that if the two events are to be enabled concurrently, then they must have 
the same preconditions. As a result, the situation depicted in Figure 4.7 cannot arise. However, the 
situation in Figure 48 can. It should be noted thet everything we've said applies not only to 
foewards confit, but wo backwards cof, a8 wall 


Figure 4.8 


Since in our theory forwards and beckwards conflict coincides with certain structural 
configurations, we might as well define ‘conf tiet’-in structural terms. 
Definition: For @) 09, €E, 
ex *es << "e,="ey 


C1X Cg <> C;'= 0," 


9 


We say that @, and ey.are in forwards conflict aff ex %e, and e,neg. We ayy that ¢ 


arcuate m tncunadt ent Foxx seh iy (We do not say that an event is 
in conflict with itself.) 


Property 4.2: x* and x" are equivalence relations on E. 


Definition: The equivatence classes of x* are called forwards conflict classes 


Classes of x" are-called backwards conflict dpa. .-: 

tsi, es os (a) 
"The forwards (backwards) conflict class asociated with © 1s contained within the 
akernative class associated with ¢. 


In Tables 4.4-46, we Mat the forwards and backwards conflict classes for the system nets in 


Figures 41-43. 

{1.2} {i} {i} tl} 
{3} {2} {2} 13} 
i ae fh. 
{5} { {4 {4} 
{8} {5} 15} 
{7} {6} {6} {8} 
{8} {7.8} 


(a) Forwards (b) Backwards 


Table 4.4 Bit Pipetine - 
Conflict Classes 


| SRESesz2z8% 
gesssesane 


Table-46 Hait Adder - Canftiet Cineses 


Ee 


We mow sabi the reatonip bemoan infermatien gai and forwards conc clues, 


ar the relationship between infermation law und: backwards conf neon A simple lemme. 


_ ereranas ee enre 


- Lemena 41 Week, | 
Uo re tn nt ee 
dye Qe” : 

Wh ae ta et fa 


(b) 


Proof: We prove Part (a). 
A, s° = (eeE Nie’ sea} 
acne Easekese 


a feetio's} Theorem 8.4(a)8(b) 


= byt a we | — detirtition 


Oo 
‘ Theorem 43: Veek: 
T@= » Milel,- -{e}) : ee) 


"The information gained (lost) at Event « is equal to the set of modes covering those 
events in forwards (backwards) conflict with ¢.’ 


Proof: We prove Part (a). 


Te) © Ke} K("e) - | definition 
= Ke ¥.. Ks) , definition 
=f) Moris) ed DeMorgans’s Law 

; 0 Ts*-{e}) | Theorem 4.2(a) 
= 1K s say (s°-{e})) | Theorem 3.5 
2 MC) ste} _ | | Boolean Algebra 
= Tel, + -{e}) Lemma 4.Ka) 

Oo 


The reader may verify this theorem by comparing the information gains and losses in 
Tables 41-43 with the forwards and backwards conflict classes of Tables 44-48, For example, in 
Table 4.1, we see that the information gain of Event | in the bit pipetine is [V}. In Table 4.4, we 
see that Event | is in forwards conflict with Event 2 The set of modes covering Event 2 is {VY}. It 
an | 


We note that when an event is not in forwards (backwards) conflict with any other event, its 
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‘information (loss) is null. Thus, information ts ‘gained (lost) at precisely those points where there is 


forwards (backwards) conflict. Furthermore, the infermation gained or lost in a conflict situation 
specifies how the conflict is resolved. This is because selecting an event te a chnflict: class is 


‘equivalent to specifying the modes covering the remaining evente +: fragp. ether one we can derive 
“the other. 


5.1. Event Graphs: 


control structure. Since the control structure is an event. 


en is isomarphic, ty:asimulation of the 
raph. any results, we obspin for event- 
graph simulations can be applied to system. sirwlations,..This dt, fortunate because event-graph 
simulations have some very nice properties. Those properties are the sub ject of this chapter. 

| aia wine resuks, a cr ricecce one Na a 


she ate 


Definition: For a directed Graph G, II(G) denotes the paths of a” 


Definition: For a path » in a directed graph, 


“ga denotes the initial endpoint (tail) of 


Definition: pe eee eee ere and x is a vertex of G, then, 


xep iff x appears in p 


Definition: For paths mw; and my in a directed graph, 


My Sg iff py is a-subpath.of po. 


t We're repeating the definition of II(G) given in Chapter 2 


Definition: If is a path in the directed grapty G, afd A is a set of vertices of G, then, 
lui, denotes the number of times tir dement of A appears in p. 


If <N,I> is an initialized event graph, and p ts a path in N, then ish; is called the token 
toading on ps. 


Definition: A ts a path whose two endpoints 
: a EE ee te e Pare e eo age te 


Definition: 


5.2. Paths: | ee _ 
Many of the ideas in thie chapter reluee-t0 ashe; tive paths in-event graphe and the paths in 
event-graph simulations. We begin with basic circuits. | 


Property Bi: In an initialized event graph, the basic cirewits and the token state components 
coincide. wool 3 Lae brage hie a 


This can be seen from the following. 


(a) In an event graph, each state has exactly one incident atc aad one enfiergent arc. 
(b) In a state component, each event has exactly one incident are and one emergent arc. 
(c) A state component is connected. | 


When an inkiatized event graph i cover, by bask cel, we now from Corollary 23 
that In each sain of the erent graph all tins of these amen are tnly ordered. 


We also have the following lemma. 


Lemma 5.1: ii win Mahia oat piapion Otek mun 
I is the set of initial conditiony of Z, 


8 
Cs the connniny relation fe F smatahith of 2, 
then for <<Xj Ny >, <gNg>> eC, 


Ngan <> x¢i 
Ngo, << xeel 


‘If there is an elementary causal cg leading from Instance <x,,n,> to Instance 
<JK_Ng>, then Ng=n; for x—¢l and ml for x¢l.’ 


raced sell cneapnsrepe tec smsrhiaze tes Se tre ak a 
simulation associated with Ae bree (Corofary 2) in which <x,.n1> and <tgn2> 
are consecutive aoe ae 1 Teel UR PPh aha ile Baie eRtUR Geginning 
at the unique initial condition of the basic circuit. Since the instances of each element are 


numbered uively, the pumber of an ines ie the strand indicates which cycle the 
Gf the indkia) condition ‘esuciaaed ‘with oO 


In Figure 5.1 is an initialized event graph covered by basic candtaes” In'Piguie S2'ts 0 simulation of 
pent graph in which each f oti at lin‘ mie bya dashed circ 


. SPR a Y AGESITE te? fee AAS HSE 
Notice that initance nunbers are incremented by | at exch hetding fata inital condicien, and that 


fed ee; 


they rerrain the same wm other scence: Pee ak eee 


fee oe AES Ret 


ect ee | 


Th nn Se ec of a 


Tis the set of COMORES. 

Citunasna tae yee 
Voy e,ell(T).. “aypag Ney oes. ° Preah. AVE . 
"If oy. and. oy are paths (cousal connections jm T having the seme endpoints, then 
nara culadncdenauell eS 


Proof: Let “#,="eye<xm> and ¢;'=ey'e<yn>. By Loco 54, the pumper dings. ¢ 
condivons crossed by both ¢, and gy sm for wel and trawl for wel fin either case 


My h~Psh- 0 
As an illustration of Theorem 511, consider the following two paths in Figure 5.2, 
@19<2,1><a,2><l,2><b,2><2,2><a,S><l$><b,$><2,$><d,$><3,3> 
© g2<2,1><d,1><Bl><f 1><4,1><0,2>3,2><f,2><4,2><2,393,3> 


e @ e 
‘ - x ms, \ < NZ Mm, \ “ w rm, \ 
AN Jn IN Zs ILN tn LAN 
| “= = a) ) poe mn i Se | 
,o/l *, = \o/ or, \o/ v, WW! 
ee Vv wa WA We V7 
a - ~ N oN m yi 
ane. ° o rm, \ ° Dy I, \ e Nw, \ 
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Holdings of Initial Conditions 


Figure 5.2 
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Since ¢, and @g have the same endpoints, their images should have the same token loadings. Let's 
see. 
9,=2alb2alb2d3 and [P,l-2 


SyeQdSf4eSf4eS and [Pyl=2 


It checks. 
For an initialized event graph covered by basic circuits, the next theorem establishes a 
special relationship between the paths of the event graph and the paths of a corresponding 


simulation. 


Theorem 5.2: If Z=<N,I> is an initialized event graph covered by basic circuits, and T is a 
. simulation of Z, 


then Vyell(N): VeelI(T): 
pe'O A pod’ A Wholly @ Efell(T): ‘foe A foe” A Pap. 


‘If yw is a path in N and @ is a path in T, and if the endpoints of 4 and @ are the 
same and p and @ have the same token loadings, then there exists a path in T having 
the same endpoints as @ and whose image is ys.’ 


Proof: Let “e=<x;,n)> and o°=<xe,n»>. The required path f can be constructed by backtracking 
from <X»,N9>. Property 28 guarantees that at each step there will be a way of extending 
the path in accordance with y. There's one exception though, and that’s when a holding in 
the back boundary of T is reached. By Lemma 5.1, when a holding in the back boundary 
is reached, the token loading on the path already generated is np. There are two cases to 


consider: (1) <¢,,ny> in the back boundary of T and (2) <x;,n}> not in the back boundary 
of T. In the first case, yng by Lemma 5.1, and, therefore, the path must be complete 
(otherwise, we would have |ylj>nq and |wlie}). In the second case, @<n by Lemma 5.1, 
and, thus, this case cannot arise. So we've now got a path f such that [°=<xo,n9>=0" and 
Pay. Because “yex;, ‘f must be an instance of x, and because iylj=i#l, Ift=l. From 
Lemma 5.1 and the three facts (1) “f="e, (2) iPl=i#h, and (3) “f="@, it follows that “f="e. o 


To Mugrate Theorem 2 we coer he folowing phn te event graph of Figure Bt and 
the following path ¢ in the simulation of Figure 5.2 

m= 2alb2alb2ds | 

O = <2l><d > Blof ln<t]><e.Q>B. Qo 2><t,2><aS>S,9> 


We have “pe"On2, po'nd"oS, and baat? Therefore, there should be a path f in the simulation 
Of Figure 2 Raving (he sate endpsints at ¢ endl such Sint fay There is. 
PLbaPIh>dhahabdhdharahah 


arcsec aaa eeeiaieeees eases ere 
_ graph simulation: The fire-part of cer dieissing te'appltpableenia E-Pateienet:simulations..... 
es Suppose that q 13 8: occuterds'in & simulation.* Pign-we end sdpaantesthe ether occurremres 
' 'jnito thifee catéyortec: A) these: ons ‘pruning (2) Mion that Salley :g.- wad «B) thage: that. are 
* Gencurrent with ¢: ne 


occurrences 
\ 2 4 PME SSS GS LAD 
occurrences fo 
os Fb ? : " ay an had: oe 

concurrent with q “N 


7 \ 


- otcurrentes — 
following 9... 


‘ 


web APR ce aR 7 UP RC AIAG tet ERASER mM ORI RST Ne IT eT Seng MARL HAG gk Ia Ea ve 


-L— occurrentés of 
Event: 2. 


“ 


f 


ae oo 


i: aa 
— 
ak 


. iA _ 
7 ar 


i So aes ta. See 2 SS 


aie 


Now if 946i eecterrence-of. Eamnt « pogoedling 4: thenishers enias.a,potitive integer: 4 such that '" 
“48 the Wty eocasrence :of Event: «-preteding ii: Fer anaapla,t: might ba, the, pecand-to-last’ 
Ocoutrence of: Rvent: «preouting q.: in: Bigets K2: <de-dp she, Chintverinsy ecgucrqnce.of Event | 
preceding <3,3>, while dis> is the last occurrence of Event | preceding <3,3>. 


to occurrences of Event ¢ following 4. 

We know that in a simulation of an event graph coveréd by basic circuits, all instances of 
the same element are totally ordered. We Would new like io determine for auch a simulation under 
what conditions is Occurrence <¢),n)> the Ath. occurrence of Event ¢, preceding Occurrence 


<@_.N_>. To do that, we need the concept of taynchronic delay’ | : 


Definition: For a path » connecting two events in the initialized event graph Ze<N,I>, 


Sm) = eh. - frin{ith 1 PeEUON) A fa'p A Pop} 


‘8z(m) is the token loading on pi rridnus the minimel token loading on those paths 
having the same endpoints as y.' 82(y) is the symchromic delay of p (with respect to Z). 
(When Z ls understecd, we shall write the spnchrone delny of ps 2 Just Xn)) 


% 1 SERS TIER ANE GG ee 
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We give the synchronic delays for several of the paths in the event graph of Figure 5.1. 


@; = Ib2dsr4 He)) = 0-0 =0 
oy = 4e8c2al Soy) = 3-3 =0 
oy = 2dSc2al Koa) = 21-1 
o, = 3f4e3 &o,) =10=1 
Gs = X2dSF4e3 os) = 20 =2 


In the special case where y is a circuit, the minimal token loading between the endpoints of 


wis 0. We thus have the following property. 


Property 5.2: If Z is the initialized event graph <N,I>, then, 
Weef(N) bz(u) = lol 
"The synchronic delay of a circuit is equal to its token loading.’ 


The following theorem says, in effect, that the synchronic delay of a path cannot be 


decreased by extending the path - the synchronic delay either remains the same or increases. 


Theorem 5.3: If jy and po are paths connecting events in the initialized event graph Z, then, 


BiG * 87(y1)<67(uo) 


‘If my is a subpath of jy, then the synchronic delay of y, is less than or equal to the 
synchronic delay of sy’ 


Proof: Let po = fm ,§. Let », be a path of minimal token loading from “pw, to wy". Let ve bea 
path of minimal token loading from ‘py to wy’ We have, 


874s) = lo yh - bal 
and, 87(2) = Woly - bal] 


Since Psy st ae we OR TTS Gn FER Wg 8 ne a Mp gece ey 
Mook = hy + bea + Myf 
Thus, dz(9)* th bik Ryde — § 


Because ys is 2 path of minimal token My Oi ge, 
loading from ‘ps to ps’, . 


Vy 


aac Rb MEG: die 


SORES tap Se ent RA? bis 


ee ey eee re ee 


awe 


tg@ Ingys 


Theorem 5.4: FP 2 te an Seubcusl esset Giapm Sesiead oy a 
T is a simulation of Z, a 7 


<44My> and, Sy | are, weet int... Hy op thas Cayeertsioces at 
then the following are equivalent 


hee i: is eas 


Thre 8p froma yp tp yg day of 1 age 
kL io 


wstedd wit ‘, Hagdss er a 
Proof: We prove that (a) <» (c). It follows, by symenatry, that 26'09.” ‘Lat tat 
(a) #(c) ad 


Since <¢.n1> ise tubes lan epidacaslicra cee th must be the 
last. pele eel eerdciagnc ag Saat Ser ra gma <4}, y+ k-l> 
to <eg,ny>. (A path alwaye eta hermemn erdered eigirrelyah) (, 


Fc ee Sane eee, a 


Lo: MN: nes EE SES, Seat RENE ha ey er tote oatgaes e reh A  e er obaetty cage adie ee ee Be 


e <e,, n> 


> -k occurrences ofe, 


9 €@4,Ny¢ k-1> 
face, ‘ee 


Lat coeyty and Wty bes pth fe N from oo och a befant The 
BY riaoreini we mere leen 8 a 


| ble ig = ah = Pah +Pah Wk eal F er Wc ebe a) 
From Lerma. Si, we-haye . ae ‘ 3 
ik = (ny +k-I-n, okt: = . rs a 2S ‘s 


__ We now show that Pgh=ish. sine dala obo aa and let be an 
_lerenar, ick. beginning 204 goting. at and having a. token londing of 
(Such a circuit exists because Z is covered by basic circuits) Lat pmatp! a’ isa 
path in N from ¢, to ¢s. 


"hy = era = Mah 

Since m’ and % have the same endpoints (¢, and ¢,) and (s“heMyh. Theorem 52 
implies the existence of a path-¢ in T front jcbyniyik-4t> to <egng> auch that Pap’. 
Because fou", and eeu, f will cross's occusrences of 6 after leaving <¢,n;+k-I>, 


and before reaching <n > Se eee eee eee preceding | 
<tgMg>. Therefore, we must conclude-that a=0 and, 


Pah = Wh | * tas: () 
From Lines (1), (2), and (8), we have O_Pek-l. ) 


(c) # (a) a 
Let x and w be as defined in the first part, and tet p’ = ak-lp. We get, 


= Rt = en = Miri 


t 42 means that o is repeated a times. 


k occurrences 
of Cs, 


Theorem 52 implies the existence of a path [ in T from <¢;,ny> to <¢g.n9> such that 
Pap’ madly. Leth = pit, where f) = wt"! and fy =m. f) is a path in T from 
<61,24> tO. <¢y, y+ h-l>, while f, is a path in T from. <e,, 24+ h-l> to <tg.n9>. To 
worm that fy, 241+ he %6 ee bask occurrence of « preening <tyny>. let & be say park 
in T from <¢;, 21+ h-l> to <ég.ng>. By Theorem 51, 


Ph ° ah 
But since fy = 4 and 8y(y) = 0, 


tf) =0 | 0) 


Suppose that contains an occurrence of 4, afser, <#).84+A-I>., Let & be the part of 
§ preceding that occurrence. 2, is a circuit in N (beginning and ending at‘¢,). By 
Lemma 5.1, fib > 0. In other words; copliingigitireuttaiitty 4 toltintloading greater 
than 0. But this is inconsistent with Line (). We must conclude that no path in T 
between <s;, 1+ A-l> and <ty, ng> contains da ellieerintP CP-o/'titir <e,, n+ h-l>. 
Thus, <4), 1+ h-l> is the inst occurrence of ¢ preceding <tynq>, and <e;,n;> is the 
ee ae oreyee oO 
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Figure 5.$ Ordered Occurrenced in an. Event-Graph Simulation 
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In the simulation of Figure 5.2, we see that <2,l> is the second occurrence of Event 2 preceding 
Occurrence <I,3> and that <I,3> is the second occurrence of Event | following <2>. We have the 
following path @ connecting <2,l> and <I,3>. 
| @ = <2,l><d,j><3,l><c,2><2,2><a,3><1,8> 
@ = 2dSc2al and Ké)=1 


The theorem checks out. 


5.3. Cones: 
Because synchronic delay is not a convenient concept to work with, we introduce the concepts 
of ‘back cone’ and ‘front cone’. 
Definition: If Z is an initialized event graph, 
N is the event graph associated with Z, 


S is the set of states of N, 
e is an event in N, then, 


$7 (e) = {s€S | Ipell(N): “wes A sep Apne A &y)a0} 


‘oz (e) is the set of states s such that there does not exist a path of delay zero 
beginning at the input event of s, passing through s, and terminating at e.’ 


ze) = {seS | Buell(N): “wee A sep A sop’ A &(y)=0} 


‘zle) is the set of states s such that there does not exist a path of delay zero 
beginning at e, passing through s, and terminating at the output event of s.’ 


$7 (e) is the back cone of e; and @7‘{e) the front cone of e. (When Z is understood, 
we shall omit it as a subscript of ¢.) 


The two definitions are illustrated in Figure 5.4. In effect, what s€@7 (e) means is that the 


E14 


Such a path <tpaths with _ \<“tU such a path 


has non-minimal minimal has non-minimal 


token loading token loading-z» token loading 


e 
(a) 5 € ¢ (e) (b) # € $5 (e) 
5 Figure 5.4 Paths Associated with Front,and Back Cones 
aot hes : 


(a) Back Cones fag OR ae Oa): Front. Canes 


ai Table.5.1 .Characteristic Functions for Front and Back Cones 
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‘quickest’ was from the input event of s to e is not through s. Similarly, what se@7‘{e) means is 
that the ‘quickest’ way from ¢ to the output event of s is not through s. In Tables 5.(a) and 5.1(b) 
we give the characteristic functions for the front and back cones of the events in Figure 5.1. Note 
that in our example, $7 (e) is the complement of $7*e) for each event ¢. This is not generally the 
case. 

The significance of front and back cones is best understood in terms of simulations. (The 
first part of our discussion applies to all simulations, not just event-graph simulations). Suppose 
that ¢ is an occurrence in a simulation. The occurrences in that simulation can be separated into 
two categories: (I) those that precede or are equal to g and (2) all others. With respect to g, these 
two sets form, respectively, the past and the ‘not past’. Now between the two sets of occurrences 
there is a boundary, and this boundary is associated with a set of holdings. These holdings have 
the property of not preceding ¢ but of being initiated by occurrences that do. This is illustrated in 
Figure 5.5. If we imagine the simulation to be three-dimensional, then the boundary resembles the 
surface of a cone. Similar remarks apply to the boundary between the future and the ‘not future’ 
with respect to g. In this case, the holdings making up the boundary have the property of not 
following q but of being terminated by occurrences that do. This is illustrated in Figure 5.6. In 
Figures 5.7 and 5.8 is a simulation of the event graph in Figure 5.1. We've indicated the "back 
cones’ and ‘front cones’ for occurrences of Event 3. Notice that the simulation is ‘sliced up’ by the 
‘cones’ of each type. 

The reader has undoubtedly noticed that we've used the term ‘cone’ to describe both sets of 
states and sets of holdings. The correspondence between the two views is straightforward: If g is 


an occurrence of Event e, then the holdings in the "back cone’ of q are holdings of states in @7 (e) 
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Figure 5.5 Boundary between Past and 'Not Past' 
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Figure 5.6 Boundary between Future and 'Not Future' 
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for Occurrences of Event 3 


‘Back Cones' 


Figure 5.7 
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for Occurrences of Event 3 


'Front Cones! 


Figure 5.8 


and the holdings in the ‘front cone’ of ¢ are hldings-of states inz@y'le) Thus, we see-that.in 
Figure 5.7 each thokding in thé “beck Cone’ of an ‘oxcurrence of: Exent:8 ism hiolding ofa state-in 
O-{act}. Similarly, we'sée that Hh Figuie'S.8:eacl’-hebhing witke Yront:tone’ of an occurrence — 
of Event 3 is a holding of a state in @%3)e[bde}. These idens are:expressed :in:the:follewing 
‘Theorem 5.5: HE an iene tee el mes 8F hee een SEO 
simulation of Z, then for <am>eH and anreO, | . 
 MMeSean A (Hfe0: gramngsaam) ¢ ibs) oe .. of ) 
| amiam< A (age: amqhanrs ° rere hae (b) 
tet daa en mae orion EE 


_ Proof: We prove. jot the fies half, the in a sng emia 


esa og 


Let q = <e’n’>. Then q must necessarily be the last Giturrétee 68s: puecntiog <¢n>, 
ae would have to follow < (<am> must be terminated 
before another holding of s is initiated.) waged: de‘ulletd a path # from q to 
<en> such that 67(9)-0. Now, WT there qxitoud pails x it Whe event graph such Maat “pee 


sen alg paternal overs igiy 


- baginnipg. 
premise that <a.m>- <0,n3. 
event graph exists. poeerares 
We now relate the canaigs -of cones to the ide in the grape - 7 
follwing cbervation abou he smolaionn Figure BI qs an eecrane of Event & and if ¢ 
tsa path originating at an corurrence ce and trminaigg at ¢ en cam ts the Kh ocurrence 
of ¢ preceding q'tff « crossmy K-l "back cones’ For example, <iJ> is the fourth-to-last occurrence of 
“el hor gehen, Lot ® Yo idm @ ies catia. ave eee cao ei we, 


A tieniter wbservation. applies to: the ‘front cape! in Figues Sk. I.a.is ap, occurrence. of Event 8, 
and {fo 45 0 patls erigiaating.at:q ond ammineting, stam gurairenae.e.nr then <4.0> Ws the kth 
occurrence of ¢ following .q'iff o eromes-.hel: Trpnt.cpngp'..- Tipe. jens arg: seflected in the 
following: thearemand coveliary© go eee ghhod a 


Theorem 56: If Z is an initialsed event graph covered by basic circuits and » is a peth in Z, then, 


tele) = bilge 7 BL ee 8 Se bead (b) 


“The chron dy eqn he mera ve i back (Front) cone of p's 
head (taif) is crose? 52. es "perce 3 ite alee 


ah a MPP ES ERS 


Proof: Wen, prove Part @) by. iedomion.en-shelengtnat a... ee . 
For s}0, we have Sees and md bigg '7 


eS ps ae 


La Ee ne Ate Don kee Be Tee . 5 _. wipe fren mae oh 


Rar pity G2 14 
Uy) = bt-ieh 


He) = lei = brit = bit 7 
ee. art a oe yo sastetiee 9 


oi 


al “aV> » "3, BB ae 4 Mee 


F this 
sabrileh or ae there c wed Sey pater sti #y cen sna St 


a, and whooe delay is zero. Becanee af hes 
Ksk)=0. er ergs 


Sy snschas aavleka seu caleanee ea ids mei sea 
path from °y to “n with a token loading-of ti. 2W'gut-thins patty inappended to the 
tail of f, we get a path from ip toy, wah 2 token beading of Hehet hy. Since § is a 
path from ‘y to »° aod Wb, 

KS Heb a a ee 
| From Line (2) ad (8) we have i eae: 

bh Hee - =t 

and from Line (i, 

Xn) = Bo)et 


stbz (ah: For this cass, hare arian: path DARIMPING. At ‘h.pmalning s, ending at p°, and 
whose delay is zero. bearot ="b on OS, of vet bo. such «pach. That 


> inane halt SQ Gad Pp: ee (zero). Thus, 
beh“. » OF, equivalently, 
a Dial) oh 
From Line (), we get, 
Sd Pee Diets Shoes Lge on: sO 


As an illustration of Theorem 55, consider the'patb, 6 ¢ SalnGu00d4n Figure fi. .We have, 
8 ape | 

‘eS and pot 

Oe'eface} and $%'nlfbde} 

iia Roan wipreay=2 asim ar 


en en een ee re ee 


SI er oe segue 


_ Coroltary 5.1: If Z is an initialized event graph covered by basic circuits, 


T is a simulation of Z, 
ae iy se. eh Alesana he SRD AME 


+ ke be a 


el bes ey oi dow, 


(b) <éq, g> is the A'th occurrence of ¢, following <e;, 2)> 


(a) <4), np is the Ath occurrence of 4 4 


ty We sgh My 
SS wn 


(c) Swell(T): “en<ey.ny> A o°o<tyRq> . : 


Y BNE ¢ 


"There is a path from <p app tn thea aly 1 ge 
(d) 3eeIK(T): “en<e,,n)> A o°e<tg.tg> A Moye! de 


ae Teorey 
"There is a path from <f),2,> 00 <#9>, ant inage ce the bak cone of 
‘ e pew le 


: ect - - @ Seat(s: “woeayty> Netaioyns A, yt 


a, mates GR 
od nes enn pte 


WE a Pr ek Coa 


The nex two thorns provi with ome nul proprio cone 


oe aye AY ge Fev 


Sih 


- Theorem 5.7: If Z=<N,I> is an eee and 
E is the set of events of N, then, 


| Weak: Vand: tanh, = bibl once) =i eye ee 
"For any event ¢, the token feeding on a circait is equal to the number, of times e's back 


(front) cone is crossed.’ 
Proof: We'll prove just the first equality Cite Gige eee wed 


Since N is connected and covered by circuits, i 15, erangty eenneged. Letp.be a path from 
“wand w° toe. Thus, Xp) =O and p=. Consider the path sy, 


ez\un) « hontr-bsh He =e ie on ag one 


In addition, we have by Theorem 5.6(a), 


Czleom) = lonly-(e) = belgie)? Wsly-ts) 


But ely, iey® bes) <0. The, 
dep) lige) “® 


lash = fig ve) 


Theorem 5.8: If Zo<N,J> is an tkialived. event graph ‘semered:by basie-cireuits, N is.conneded, 
and E is the set of events of N, then, 


WeeE: Vj myelK(N): 

“wre"g Aa sg lh - beh = ww: Walg-w) ° bilyre)- Walp *te) 

"If two paths have the same endpoints, then the difference in thels-token loadings is 
Setticn Kan Oe eran 16 tik Seer of Seman ey sone Cs Ngee nee) Vee 

_ Preof: Wie rows ts heneren pe pave Kee Ere gee: 


Sinde N is connected and covered by circuits, i a-sresgly conmexia: Lng a a 
from g4° and ps’ to."p; ned * My ss tact 


tah + hah = balgray aye) 
bial + Westy = Wiglgny) + Waly) 
Combining, we get, 


Waghy ~ losghy = bglg-(e) - aly-v) 


5.4. System Space: 
‘No‘theory of ‘systems can ‘be considered completevaithewt actiens:af. apace and:time. We 
introduce in this section a nether of ‘spuem space’ and: tee next section:a notion. of ‘system time’. 


a aie 2> | 


Seppo that ¢) and ¢s are events in an inttiniend eyaptgragh spvered by Dasic circuits. In 
Section 5.2, we learned that in each simulation of (he event graph the, orci B. leading from 


occurence of to occurrences of are as shown in Pigureb@al eaplithe 0 


"occurrences Of. ¢, to occurrences of ¢ areas shown in Figure 5.9(b). The quesgion clara 
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Figure 5.9 Orderings between Qeeurrences 
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Definition: For Events ¢; and ¢, in the strongly-connected wen eee adios 
0 » if ey | 
Pxleysn) ° 7 
min{lesl | weQXN) A €)¢9€00}  ife, meg 
"Pzke;4q) is the minimal.token loading. on-these cirants containing:both ¢, and ¢9.' 


Arley) is the 44.40 ty (yeith respect to Z). (When Z is 
understood, we usually Smit it as & subscript of ) 


In Table 5.2 we give the synchronic distances between the events in Figure 51. 


Table 5.2: Synchronic Distances 


The following theorem provides the connection between synchronic distance and the 
Ordering relationship between two events. | 


T This is equivalent to the notion of distance used by Comimoner {18}. (See pp. 112-116) 


Theorem 5.9: If 8 ah inicialiaed event’gteph eoviirett By Danie carcestd end strongly conndctéd 


_T ts a simulation of Z, 
<01,my>, Wag higy, tind a 


then, 


0 €@4,M4> 


: KO4,M,* Pe (eq ,@2)> 


Proof: By Theorem 8.4 there exists 2 path.) fram <f).%> 9 <p> and a path from @, from 


"the next occurrence of Event | following <SJ>. The diff 


- <BgyMy> to <e4,24> such that Ke) = 0 and Bey) +e Lat Ze o <NJ> and ¢ = 1°¢s, Because 
#1 is a path from ¢, to a Of-sinienht thew fending and % is a path from ¢, to 4 of 
minimal token loading, # must have minimal tehen tending with respect to these circuits 
containing both x and 3. In other‘wards, Wy © pelos, oy) Since ¢ is a path from <s),m,> to 
a era a le ae aaa o 


We seein Figure 2 that lis thea comuroncr of Event | prcaing <i>, and <i3> is 


nc in ccrurrence numbers of the two 


occurrences of Event | is 2. This is the synchronic distance Events I and $. ‘ 


Wich nscedes a Sie sursikaad sumanaad aaa grace sliajtag Maar eee 


requirements, then we can determine the ordering relationship between occurrences of two events. 


All we need know is the synchronic distance between the two events. In Figure 5.0, we show the 


ordering relationships for several values of Aéyy).- 
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Figure 5.10 Ordering Relationships between Occurrences of Two Events 


Ler 


The next theorem states that ¢ is a matric when the event gragh satisfied two elementary 
properties. 
Theorem 5.10: Af Z isan ination event graph that is ()trongly coonessed ed (2) free of blank 
ie es ee en ee 
(a) Prkeyty) 0 ww gymey 
(b) pzleyeg) = Arlegsy) 
) prkeysy) S Arleyagrrrlegey) 
_ Proof: Se ee ee ee ee oe ee 


from the fact that Z is eo 
— = synchromte distance. 


Strong connectivity and abner o bank crouse th ovat by bake cca, might 
be regarded as criteria for ‘well-formediness’ in event graphs. “Rartier, work (4) has-shown that 
absence of blank circuits and coverability by basic circuits are necemary and sufficient conditions 
‘for ‘liveness’ and ‘safeness' in event graphs! | 

We now relate the ides ofthis scion tothe theory in Caper 8. Theorems 83 and 8.8 and 
Property $6 wate thatthe inkiand contro stracre i's. srongly comand event graph covered 
_ by basic circuits. Tha, Theorem £9 applies, Fortermors me hans ite fotiowing.cortary t 
Theorem 5.10. 


Corollary 52: I the inkiakond contrl sructue Z* fe free of Wink. crcutm, than <K'yépe> is 9 
metric apace. 


T Liveness means that simulations of the event graph can be extended arbitrarily far. sai 
means that instances of the same element are totally ordered. 
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Definition: If Z* is free of blank circuits, then <E*,pze> is called the system space. 


5.5. System Time: 

In most theories of system behavior, ‘time’ is introduced as a primitive concept. Our 
approach is novel in that the concept of time is derived from the logical structure of a system. We 
only require that the initialized control structure satisfy three simple properties. There is no need 
to augment the definition of a system, and there is no need to modify the simulation rule. 
Definition: An initialized event graph <N,I> is said to be synchronous iff it (1) is connected, (2) is 

covered by basic circuits, and (3) satisfies the synchrony property: 

TkEN: Veeel(N)  kaleklel; 

‘The length of each elementary circuit is proportional to its.token loading.’ 

An initialized event graph that is not synchronous is called nonsynchronous. A 
synchronous system is one in which the initialized control structure is synchronous. A 
system that is not synchronous is called nonsynchronous.! 

For examples of synchronous systems, the reader may refer back to Figures 3.13-3.15. In 
Figure $.13(d), the proportionality constant between the length of an elementary circuit and its token 
loading is 2 in Figure 3.14(d), it is also 2. In Figure $id), it is 4. An example of a 


nonsynchronous event graph is shown in Figure 5.11. 


' The question of what an ‘asynchronous’ system is is outside the scope of this discussion. 


tin determining the length of a circuit or a path in an event graph, we count the arcs in the 
abbreviated representation of the event graph. This reduces the length by a factor of two. 


ee ee Because a synche 
event graph is connettéd ated He 


Property 5.3: A chrono evn ag sng nad. 3 : 


Property 8.4: A synchronous event graph is free of blank circu 


Aizo from the synchrony property, we Ano that the gt each ena cc «make 
of k, and tha the length of ach base crt aqua ob. B fetiows that kis equal vo the god of 
the lengths of the elementary circuits Now, bomen ay eat emery or eterwin, cn be 


viewed as the superposition of elementary circuits, the symchrony pr ca 
These results are reflected in the next property. 


Property S.&: If fi.Js 4s 2 synchrontus event geaph, then, oe 
Ver): alert hah oo 


Te help us in understanding the notion of time prsntnd below \weantroducr the concept of 
the pe renee The phase relation is generated from an event graph in exactly the same way 
that the alternativeness relation is generated from a part. The same ‘collapsing’ procedure is used. 

ASE BEL Saye yee 
Definition: The ere for the event graph N=<S,EF> is the minimal relation 
6,08 such that 
Vxe(SUE) xfyx 
Viejainyx BURY i sijeyNley yay 
Elements x, and xq are said to be in phase iff x, Ayyxz. 


Tee eee ae repens Sears = etee ta ee es 
the phase relation: 


Property 5.6: If N isthe event graph <S,EE>, then fy se prac tno and, 
VAGISUEY by AcS V AcE 


ach oar nn yy me er ct exch 
events.’ 


GEERT EES EP pi: RRR 8 ye ne Re 


Definition: if N is the strongly-connected erent gyal «Adin than the nn 
is the quotient net Ried. f>, where, Gundemmseiah sient 
5« = {lg,, | se} 
Ts » {lele,, leek} ; 
Fetdtletlgg  re ” 


vty Bs 


Property 53: Ki is a net. - %y SS x aye 


Property 5.8: i is an elementary circuit of length y(N)! 


& rs 
gig ee 


DUE SMM ee SRS Be Be VaR sty coetn te 


The fundamental circuit may be thought of as a ‘clock’. Now with this interpretation, it 
might appear that to make an event graph ‘synchronous’, it will be necesmry to Tire’ the events in 


' This property corresponds to Theorem 8.2 


SMa aa ERS a it ASE eR mgr er oe A TEEN a a Cea SS EAR eR ee Le 


a phase transition ‘in unison’. However, this is not the case. In fact, it. wont even;he necessary for 
.. the initial conditions to be in phase. All that's required is. that the. initial-conditions belong to a 
‘marking class’ in which it is possible for just those states in a given phase to hold. As it turns out, 
there is exactly one such marking class, [t.hes bans, chewslothet in.a.strongly opmnected.. 
graph free of blank circuits, twa./markings’ belong. to‘the.same. uarking slags iff they induce the 
same token loading on each circuit. Now in the sitaation, where .justtheee. states ima given phase 
hold, the token loading on each circuit is known: 


Verefi(N): hel © —— 
¥N) 


But this is just Property 5.5, which is equivalent to the synchrony property. Therefore, a set of 
initial conditions can be-lepcnaght ‘late. phnse!t the apnabranyeopanty ls satiated. 

With the preceding discussion as. background, sirenget renily.06: analog. the major results 
~ pertaining to synchronous eyent:gmaphs: 


heen 5k If sigs isa synchronous ghee dinar, ah 


Vijay LN wean one! stent eodprdoarNaly 


‘If jy and pg are paths in N having the same endpoints, then the length of a, minus 
¥(N)token loading on s;) equals the length of js minus y(N)-(token loading on py).’ 
teeing Boost gee) cueietect hoes geet ge uplfen gas aw siete 


.  Rroof: -Because.a synchronous event graph: strongly consented, there-eniste.0. path gg fram p)° 


and pig’ to “w; and ‘ps. From Property 55 we have, 
sz t+asg] = CN) {bony Hosghy) 
Waging! = CN) {sy by east) 


t Theorem 11 in [4] 


TREE sa ee Tee BREE ae Rg IR aR Pe REE DE RRR Y 28 EE STEEN Daeg Pa 


apes 


"Ht ty*ty nn, Cetinb a cramrWebil: 6 Se DRE © 


Proof: Because sy forms a circuit, we have by Property 55, 


ys Heng! = NXg iy riongl) 
The theorem follows. 


Theorem 5.13: if T=cH,OS> ts atieniiation of a tynchiguent evqnegvaph; then, °° 
| Wage AC): epee reyes atop 


‘Ina snus oft wnctrones even graphy pth hae the nae acpi 
then they must be the same length.’ 


Proof: Fron charen 3 we iw tat Hii soc fy and fy re bch pate 
synchrokeus event: w T, oul’ blk: 
lake, 


Before we can define the ‘time interval’ betwen two holdings or two occurrences in 
> “sychroneus simetastort', ae ee Men eemann ete eres ea 


a 
Peo 


Of two states or two events are. : ; * 
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Definition: If Z is the synchronous event graph <N,I>, then, 
for Events ¢ and és, 


O7ley4g) = iff ApelT(N): “poe, A pomty A n=by(N)eh 
‘Ozleqtg) =n iff there exists a path p from ¢; to ¢ such that n = Iaby(N)ish. 
for States 5; and So, 
she 
d7(54. Sg) © S7ley, €9) where ¢, is the unique output event of 5, and ¢, 
is the unique output event of So. 


(Theorem 5.11 guarantees that 7 is well defined.) 


dzla x9) tells us "how far ahead’ the first instance of x» is going to be with respect to the first 


instance of x,. In Table 53, we give the values of &¢,,¢,) and &s;,59) for the synchronous event 


graph of Figure 51. 


(a) 3 (e,,e5) 


(b) 3(s8,-8,) 


Table 53 


Using 2z, we now define the ‘time interval’ between two holdings or two occurrences in a 


synchronous simulation. 


Se eeeisedlaal sts ise 7 } simulation, ¢ 
A7lexynyrveargng>) = (ny )y(N) + Dylttpany) 
| Qzlgyag) ts the time ineerval trem note 


i ecto eal tear salen 1 thn ca, iN 


A(<i,1>,<4,8>) a a2 +3 ae ae . t) 
A(4,2>,<1,3>) s  W2-8 ek 
Alb,2>,<f1>) =e = (-x2 +2 ° 0 


A(<a,2>,<2,2>) s cis oo] is 2 Sogn 7 


ihe meee cores thanrers sey Pts yee Pe graeeens at no meat npeeene Snes 
a metric for time. 
Theorem 5.14: If g), gg, and tyre ets thresholding or ree acyueancen a smotaton of the 
synchronous event graph Z, then, 
(a) Arley, gy) = 0 
0b) drlgiay) = -Oxleyy) 
G) Delray = Srltyay) + OrleaAy) 


Proof: (a) Follows directly from the definitions of Ay and 2y, 
(0) deloryny) = -Dzltgey) by Theorem B12. It follows that Ozlqi4s) = -Or(4y 4 
(c) Let qymcxp.ny>, gyectghy>, ggectgny>, and et Zo <N, b. We have, 
Mayas) = (mgm) 1N) + eye > 
und Alga) + Blt) = (abr) +e) + pegbrN) + eye) 
For occurrences (and similarly for holdings), 
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Oxy eg) + Ax gry) =m em AppwgelI(Ny: “wyaey A wy "meg A “wgmty A wg'axg 
An = agi + bagh- YONXegh + begh) 
oo Spell(N): “ex, A piney An = bul (Nah 
a> x15) =n 
Thus, xp, xq) + Axp, 3) = 2x1, x5). It follows that, 


A(41, 92) + Aa, 93) = (ng-nyy(N) + x1, %3) = ACG), Y9) | 0 


Theorem 5.15: If T=<H,O,C> is a simulation of the synchronous event graph Z, then, 


VedII(T): 
‘e@'eO © Axes") = lly (a) 
*e@°eH © Arle") = Iely (b) 


If @ is a path in T connecting two occurrences (holdings), then the time interval 
between °# and @° is equal to the number of holdings (occurrences) crossed by @.' 


Proof: (a) Let ‘o = <e),ny>, 0° = <¢gn9>, and Z = <N, I>. Thus, 
Ax("o,0°) = (n9-ny) y(N) + d7(€;49) 
Since @ is a path from ¢, to é9, the definition of gives us, 
Bzleystg) = Wl - (NDP 
We know that |elg = ||, and, therefore, 
A('e,0°) = (nang) YN) + lolg - (NDP 
From Lemma 511, we have nq-n, = #. The desired result follows immediately. 


(b) Let “eo = <s),n)> and @° = <5g.n9>. Let p be generated from @ according to the following 
diagram, 


4 


& 


ee Oe 


ina path te Naar = iy ih Rom adenine ee ot 
DAsqeta) = bal = YAN Daly = bly - 20 

| _ Which, in turn, produces, 

A("e, @°) = (nym y(N).+ lel - 10k. 


Dao of the wate di nic ee a wat 


Theorem 5.16: Ho, 0,0> satin of he mer gh Zh, 
Vey. dg € O: Why hy © He . 

dirk Mela + Oly fa)= Ory) oa ; “a & 

had, A Aggy * Arlay, G9) = Ally, Ay) ae ~ as 


crane fa fy air Hig by yr, hn he 
time interval between ¢; and gy is thei tiniiyns Wokheiatne and hy 


Prow: We'll prove jue? Par a 


Let gy = <44.01>, 4 da © <eyny, hy © <sym, and hy « cigs And let Z a:efh i> We know 
that ¢)°5, and ¢gtg. Now let » be a path in N from the unique output event of 5, to és. 
Let ¢3 be the unique output event of s: We get, . 


2 


w 
= 


Aq, Gg) = (mg-my) y(N) + ey syul - YN Sy uhy 
AA, he) "= (my-m)) ¥(N) + sees] . (Nisa 


We have immediately, |¢,5,| = sl] +1 = yssye3 From Lemma 5.1, 
we get, m, = ny + |S), and mg = ng + |soh. Thus, 


(Ag, Ag) = (my Asghy-my-bsy yA) + legsyal - 7(NDasgh 


@~§——- 0 «GQ — — = — — 6-6 — 8 


C2 
= (mgm) y(N) + ley Syasl - YIN) Syl Sp 
= A), 92) e, OG 


The notion of 'simultaneity' is defined in a straightforward way. 


Definition: If q, and gq» are either two occurrences or two holdings in a simulation of the 
. synchronous event graph Z, then, 


117792 © S741 92) = 0 


7, is called the simultaneity relation. We say that Instances q, and gq» are simultaneous 
iff 9) TZ 92. 


Property 59: If T is a simulation of the synchronous event graph Z, then rz defines an 
equivalence relation on the holdings and occurrences of T. Furthermore, each 
equivalence class induced by rz contains either exclusively holdings or exclusively 
occurrences. 


Definition: In a simulation of the synchronous event graph Z, the equivalence classes induced by 
fz are called simultaneity classes. A simultaneity class of occurrences is called an 
instant of time, or just a time. A simultaneity class of holdings is called an 
(elementary) interval of time. 


We have the following property from Theorem 5.15. 


Property 5.10: cdr capi get aac ey a ee 
- @pineident or concurrent. 


Petey eg Rt 


We have the following property from TheaedivBi, © 


Property 5.1t If 91. dy Gy and ¢4 are instinices im. tigen oF the emchronousevent graph Z, 
then, ’ ‘ e DY e F 


an Aan Aarm © 3° 2% ti aap . eh @) 
nis W244 377% * Htzts 28 (b) 
oe tan shen hts er (preacoy)are 


Properaes 5 ead Et eee Ot Se ‘Synchronous sieiation’, er ee ioe * 
series of ‘slices’, with instants of tine and intervale oid sen) sornasing? "Tite ia iustrated in 


Figure 5.13. ee Senn ee ere reer 


Theorem 517 ngs andl ‘viens aatsban ct ts Gcebiase sea rane! 


\ 


itzis * 87%, 
‘Tf gy and ¢y ave simvettarient; then-%, ‘and @, must beam phase" 
Proof: We give the proof for occurrences, the proof for holdings being-siestiar: Let Ze MN, b, 
and let ¢) = <%;, Ry> and ¢y = <%;,2)>. We have, 
“itziz Ax 4) = 0 
Se ek i 0 
a> Span: “wae, A p'aty A l- 11M algs yee) 
> AwaTH(NY: “umes A p’meg A bal = (RyRy Hey) 


Thos, ya imp ht re xis x pth bre 3nd whe igh «mip 
of +(N). It follows that x; and x3 must be in phase. 


‘ a eee 
: Ss {2 
Instant of Time aes 
eS ~_ 
a. Le S Eo 


Figure 5.13 Simultaneity Cla 


ep Pho ee SS 
a oR Gy: 


ee ee eee 


In Section 52, we introduced the netion of <nm> being the k'th occurrence of ¢, preceding 
(following) <#gn9>. For a synchronous simaltion, thee is a simpfe-formua reiting band the 
time interval between <e,,n)> and ayy. Tis formatn saljes on the concept of ‘distance’ in a 
directed graph. ag 


Definition: I and ar vr in th egy onmea nn graph then, 
de (vy¥g) = intel) | pony Ap'=ty) a, 
dot) the rp hr ane trem 9 vg 


Theorem 5.18: ump and ey een tn ft conser 
graph Z=<NiJo, then 


cay the 28 pci pring sy 
vip we a ny foe a> Mees 


‘fatisenes : Cea) 


Proof: sicis peaceaia walla lay asia os wl ore ae aa tie 
<éz,Fq> such that Dy(f)ok-L. Let ube a minimal length path in N from ¢, to ¢:. That is, 
ipslodng(es 4g). I ‘follows from Thearamn ‘Sil thet p ake 
from ¢; to és. Therefore; 


b{)=Wrwhekt | ®: 


Theorem 5.ll also gives us, a 
waby(NDost = mere a) : : 
Combining Lines (1) and (2), we have, he ag 
ee 

But Whelely and \uledyy(¢ 49), and 20, 


lig = (bt N dy ep4) 
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From Theorem 5.1Xa) we have jely = Az{<é)nj><¢gNy>). The desired result follows. Oo 


In the simulation of Figure 5.2, we see that <I,1> is the third occurrence of Event 1 preceding <t,3>. 
We have ke, y(N)=2, and daj(l,4)=8. Thus, 
A(<l1>,<4,3>) = (8-1)x2 +8 = 7 
This checks with the value of A(<I,1>,<4,3>) computed earlier in this section. 
The final results of this section have to do with four functions defined earlier in this 
chapter. For general event graphs, these functions depend upon the set of initial conditions, but 


for synchronous event graphs, they are independent of the initial conditions. 


Property 5.12: For a path p in the synchronous event graph Ze<N I>, 
Sl) = (ytdn("mys')) | ¥(N) 


Property 5.13: If ¢ is an event in the synchronous event graph Z=<S,E,F I>, then, 
7 (¢) = {3S | ApelI(N): “pes A sep A pine A aledy("n’)} 


$7"Ue) = (5S | Ipell(N): “poe A sep Asp’ A lady ua?) 


Property 5.14: If ¢; and ¢y are events in the synchronous event graph Z=<N,I>, then, 


Prke ste) = (dyjley.eg)+dyy(eg,e,)) | y(N) 


Before concluding this section, we should perhaps say a word about the distinction between 
‘system time’ and ‘observer time’. System time is strictly a system-relative concept, and is observer 
independent. Observer time, on the other hand, is relative to a particular observer. In the case of 


a clocked system, the two notions of time are, for practical purposes, the same. However, in the 


For example, kt might be possible for Inetnnce 4y to premade Instance ¢, in system time, and for qy 
to follow gq in observer time, or vice versa. The oly hing we-can say with certainty is that if 


there Isa causal connection fading frum 4, © 4y-then gq will precede fy in both sytem time and 
observer time. 
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CHAPTER 6 


PREDICTION AND POSTDICTION 


6.1. Information I: 

In Chapters 4 and 5, we examined separately the two components of system behavior: 
information and control. In this chapter, results from the two areas are brought together to 
produce a technique for predicting and postdicting system behavior. 

As we showed in Chapter 8, for each system simulation there is a corresponding control 
simulation, and the two are isomorphic. Consider a pair of corresponding simulations. Because 
the control structure is an event graph, the contro{ simulation has the regular properties described 
in Chapter 5. Since the system simulation is isomorphic to the control simulation, it too has these 
regular properties. Of course, the system simulation also has certain ‘irregular’ properties, but these 
are describable using the concepts of information flow. 

It is the irregular properties of system simulations that are the focus of this chapter. 
However, in getting our results, we will take advantage of both the properties of information flow 


and the regular properties of event graph simulations. 


6.2. Transactions: 
Suppose that we have a system simulation and a corresponding control simulation. Within 
the contro! simulation, there is a total ordering among occurrences of the same meeting (Corollary 


3.4). For each such total ordering, there is a corresponding total ordering in the system simulation 


among occurrences of those events betonging to tie related meeting. These ideas are illustrated in 
Figures 6.1-6.4. In Figures 6.1 and-62, we've tedidwh Whe snmletib 


system net and the initialized 

control structure for the bit-pipeline example of Section 3.7. In Figures 63 and 6.4 we give a 

symem simdlation and the correspeniiing ciutrel- iesatation We've indicated in the control 

simulation the occurrences of Meeting {5,5}, and we've indicated‘ ay the sputeny: steyutation : the 

occurrences of Events 5’and 6. Note che oneeb-dwe!enrregunddndy: between:alet two sets of 
We adopt this terminology: : 


_, Definition: If, sia apui shay an aan ecintael Uns ‘ieling. #0 lla 


Seah seine & Bement ap oer aia deans 
(for tat simastasien).” 


SR A Sa ree 


ee teers nnn et eee eS Pas 


Event 5 is the third transaction’ @ Maing aay © 


Now mp4 hr «hinge a ec om in, ee 
cn pak of the wth anton a Maing ate | a 


RE Sh gees 


Definition: TT Min tyes seeeiatien 
q is an instance in T, 


ioe (0 relative to ¢ 


7 


Figure 6.1 Initialized System Net 


Figure 6.2 Initialized Control Structure 


Ltt 


Figure 6.4 Corresponding ‘Control Simulation 
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Fr net th cmc ic th Mein nig ¢ ith and is an 
occurrence of Event ¢. 
Foe, te i mre no ig Ele ¢ eo is an 
occurrence of Event é.. = 
In the simulation of Figure 63, if we let ¢ be the firs (and only) occurrence of Event 4 as 
indicated, then the transactions relative to ¢ are as given in TatiedL Note that for n¢-8 and for 
28, there are no n'th transactions relative to ¢. Note slo that betagae an occurrence is considered 
both to precede iuelf and to follow foi (se definkion in Secon 23), Event 4 is both the last 


transaction and the next tranmcion at Mentng {24} sfative wo ¢ ial a as 
correspond to ordinary wage, t dou make the machi 


Last Transactions (n=-I) 


Next Transactions (n=1) 


Second Transactions (n=2) 
Table 61 Transactions Reltaive to ¢ 


Having introduced the notion of an event being the n'th transaction at some meeting relative 


4 


to some instance, we can now define the sit of n'th transactions relative to an instance. 


Definition: If T is a system simulation, 
q is an instance in T, 
n is @ nonzero integer, 
then, 


t(¢.T) = {eeE | Within T, ¢ is the n'th trangaction.at [e],, relative to g} 


If we let T be the simulation in: Figure'6.3-and.¢ be:as defined above, then we have. the following 
~ values fert.(¢,T). 
tole) = fis} 
GT) =. R45) 
“GT) = AB 
tg) = A is 
eT) = © fe 0S and for nzs,, ak 


The values of t,(¢,T) are the things about which we're going to do our predicting and 


Ter epee tare ee tern see eee eee ee Oe ee 
ee ae een even - _ ” 
“Definition: js cada alta ee las eae inna 
ee ee 
auite em -eeeuerence ¢’.mach that... sihyag. f ae Pag 138 
(a) ¢ =@ 
(0) for snk (ASnSA) and Yad ee 
Tome 
ee ee re fr ec mating 
(© ty¢T) 69.7) | aan ae 


"The set of n'th transactions in T relative to ¢ is contained within the set 
of n'th transactions in T’ relative to ¢.' . 


We can state 2 necessary condition: and some sufficient conditions for extppdibility... From 
earlier work [4], we know that in an event graph, ne-event-contaived in a biesh circuit can ever 
occur. Therefore, if any system simulation ts to be extendible ther ferwards ‘or backwards, the 
initialized control structure must be free of blank-civcuies. Stippted that <his is the:tate. Then the 
only way for the system net to ‘hang up' in the forwards-Abactietliis). direction is for there to be a 
pattern of holdings on the inpet (outpen> linda: of seine enetting ‘euch that no event.in the mesting 
__ {8 forwards Speck wards) auabied, by shows: hentinge: eaelrsais sea a beckwards “hang up’, 
consider the simutation in Figure 65. K ls spt sola for the half adder of Figure Sis 
with States A and as initial conditions. Because the holdings of A and { do not backwards enable 
any event in Meeting {56,78}, the simulation te net beckwards extendible. The following are 
sufficient conditions for all system simulations to be forwards extendiiblti<) st 


PRA RE of wo PES GS ~— ee 
49 GR etre len BA gree. 


(a) Z* has no bank circuits. jae iis 
caine 8 A como enc oe safe ach ach pt of 
than tegen ook 


The following are sufficient conditions for ait syed Sealitihiies te bebadksaptrextendibe. 


(a) Z* has no blank circuits. 
(2) vmer*: Haat A cos of eat one mae fam sch utp nk afm then 
; Seem: ¢’aA 

conditions. 7 


“Figure 6.5 ‘A Seman hat Not Backwads Kenn 


Before-procesding; 2:word. about the phenemenen of ‘dendieck’ is.in. order. In the past, 
eadock ina Petri fet bms-been seed.to-represent the.cpemepanding notion Jn.an_ actual system, 
This approach is net sulted to the theory: presented here. If:.we-intarpret. occurrences of, events as 
Tepresenting the pasenge of time as described im Sention: Athans in. the. system net would 
© @errespend to ‘thme-standéig: still’. Since this is..not. our. inten, eabendibitity is a reasonable 


SEN 


“fgmumption. But: the: question -arises.43 to how.the phanomenen of- deadlock. is to be. represent 
Since deadlock i. a ‘mode’ of behavior, there will probabty:he wm mede.(as. defined formality) 


Our efforts in thls chaper are concerned with the folowing probien. 


We-know that ¢ 4s sn. instance: in spme syste: gnuiption. and: thet ¢- is associated with the 
alternative class c. If we also knew which element in ¢ ¢ was an instance of, what would this 
additional knowledge tell us about the possible patterns of transactions prigt..to.¢. and 


subsequent to ¢? 


co ge RHE See te gt Se i BRAN sks, + Bee sadn eat 


That additional knowledge allows us to identify an element from among its akernatives. But this 
is exactly the same thing that our netion of informetien‘eentent dees. So the ‘information content’ 
of the additional knowledge le equivalant te the infeqnation content of the element identified. 
Anything that can be deduced from one can be dedwosd from the other. 

Our apprench fo the problm bw vcr a he maps in which the Information 
associated with ¢ could have gotsen..these ‘(ponndietian) apd all the ways in which it could have 
emanated from there (prediction). Information coment consists of a set of excluded modes 
Because information is denied cocoa ak Gs us eens Ga lg 
separately and then menge the results, Assctated- witli enalr exclusion, thereare two sshasts of the 
sirhulation contsining ¢. One sabiet trates Sa eepenen-ten tho-qeen! ae thee ther. trages it.into 
the future: These two: sionee deters ‘part hearin | she-arsemtions: rot et ond 
mubsequent to ¢." ‘Uh ener: tenet ve sever soc guatak erts pasate tar ene dizection. 
‘In fact, some of the partial idstories may be exsontitte stbidinstty,ten;in while case there mez be 
an infintse nimber of distinet parte! biemrias penibis: Rutsines. welosufeating wich tiniee syseens, 
there is a finite way of chariceurtsing the et of tuncinvende-arat forwards partial: biseries: The 
cones described in Section 53 can be used to ‘shice up' theaubnsts Shen. genernte she, gartin! histories. 
This produces a finite set of "history segment! as showe in Figure 6. This approach is especially 
advantageous since the nth transactions relative to ¢ are detmrmined by the occurrences inthe n'th 


Se TOUADE GS Bete sda sos ott eG Pd 
history segment relative mg (ase Corfary 80. “Posdicion ¥ graphs’ reflect 


the different ways in which history segments ay be connected together. 


In order 06 ee ee definitions 


155 


A ‘Back Cone ' 
‘History Segment’ 


An' Exclusion’ 


A’ Front Cone’ 


Figure 6.6 Subnets Associated with Excluded Mode 


Definition: In a directed graph, a chain is a sequence of arcs such that each arc in the sequence 
has one endpoint in common with its predecessor and its other endpoint in common 
with its successor. (The: difference between a path and a chain is that a path must 
traverse an arc only in the forwards direction, while a chain may traverse an arc in 
either direction.) The set of chains of the directed. graph G is denoted C(G). 


Definition: ee gc ci ci cla aR na ee aa 
counts as a g (Cin aoe ee ee 
(y 00 x) and an arc be og from y dis 


Definition: If ¢ is 3 chain in te aan pop soa se of vertices in G, then 


Ue 1s the umber of forwards copings in of an clament A mines the number of 
ee 


Definition: For meE* and Mell, 
O'(mM) = [ea | KeCINE 'c = ¢ Ac'em A XiKyg = 6 Adi ugzs-im) 2 0} (2) 


"For each event ¢ in o°(m,M), there.exisis a chain c from ¢ to an event in m such that ¢ 
does not intersect the mode Mand. the fi } of forwards crossing of states in 


Udze"(m)! by € is greaten then er ema! te ot manber of backwards crossings’ 
o’mM) © « {eek | eCiN): * cam Acne A XeFKygsd Ald Upze"(m)2 0} (b) 


"For each event ¢ in o*(m,M), there exists a chain ¢ form an event in m to ¢ such that c 
does not intersect the made Mand the numbed of forwards crossings of states in 
Udz*(m) by c is grester than one 


sinister oni Wiad ds a eosin ass talc tury aca for Meeting m 
and Mode M. v*(m,M) is the set of events that can be contained in a forwards history segment for 
Meeting m and Mode M. . 


T $0") is the 2et of links in the back cone of Meeting Upze'(m) Is the set of states belonging 
to those links. 
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The requirements given in the following definition: iit: be. peed ta generate + 
the system net that correspond to the history segaents. 


Definition: For amine R ofthe ssa mening mand a nde M, we dfn te folowing 
requirements, tae So ot we Pee : 


(la) @ CE, ¢ o(mM) 
(ib) @ CE, ¢ o%mM) 
(2) VaeE*: BNEgi<l 

(8) Sp ~ CERUER 18-5) 


Asa coe a pet rai a conte 
in the mode M.’ 


(4) Fp = FOUS_XEQU Ep xSq) 
“Phe arcs of R consist of thase.arcs.in Nghat cognact elements in R.’ 
Ga) WeelSp-Upze"im)t idps"Ipal _ 


‘Within R, sch yp ay chy eit ov ct 
one output event’ 


@o) VselSp-Ugze"(m)): ("s)pals dp 


- "Watin R, cactreaee tn Gg ize alien somalia 
output event.’ 


tand one 


history segment. 


Definition: For QcE, meE*, and Mell, 
b(Q.m,M) = °Q 1 (Udz*"(m)) 1 (SS) 
£(Qm,M) = Q’ 1 (Ugz%"(m)) 1 (S-Syy) 
b{Q.m,M) = °Q NM (Upz#*{m)) N (S-Sy) 
£(Q.m,M) = Q° N (Udzx tm) 1 (S-Syy) 
We're now ready for postdiction graphs and prediction graphs. 
Definition: The postdiction graph for Meeting m and Mode m is the graph <u"(m,M),w(m,M)> 
where, 
u“(m,M) = {Ep | R¢N and R satisfies Requirements [a,2,3,4 and 5a with respect to m and M} 
w"(m,M) © {<A,B>e(u"(m,M))2 | f(An,M)=b"(Bm,M) #6} 


Definition: The prediction graph for Meeting m and Mode M is the graph <u*{m,M),w"(m,M)> 
where 


u*(m,M) = {Ep | RgN and R satisfies Requirements 1b,2,3,4, and 5b with respect to m and M} 


w*(m,M) @ {<A,B>e(u*{m,M))2 | fVA,m,M)=b XB m,M)§} 


To help clarify these ideas, we'll work through an example. Of the three systems considered 
above, the circulating bit pipeline is the most interesting from the standpoint of prediction and 
postdiction. We've redrawn its initialized system net and its initialized control structure in Figure 
6.7. (The parts and modes are shown in Figure 3.14.) Let's consider the meeting {5,6}. For m={5,6}, 
we have, 


@ (m)={{a}.{d}.{h.i},{k.}} and Ug (m)={ad,h,i,]} 


O*m)=[(bchfefLigh{} and Uptm=[bcetg.) 


(a) Initializea System Het 


< 
wn 


Figure 6.7 Circulating Bit Pipelitie 


(b) Initialized control Structuge 


6ST 


Now suppose that M is the mode associated with Events 246 and 8 Then there are two subnets 
of the system net satisfying Requirements ia.23:4 and Se (shown in Figure 8(a)) and two subnets 
saustying Requirements 16,284, and (ion sa gure Bh ‘The resulting postdiction and 
Prediction graphs are shown in igus a ann me ne spreanton mor sam 
graphs) — 

Our task now 1st show how prediction gaghs id penton graphs can be used to 
‘Predict and poudict the patterns of transitions i 9, spam sontiton relative to some instance. 
‘OF course, wa can't ay anything shout how far te yam ston extends, ether forwards or 
backwards, but we can say that the petterns of tranections must be ‘consistent’ with certain 


‘requirements. 


Definition: For QcE, 


Q is self-consistent iff Wey tg 0 ay0tlly @ dime, 7 


"A set of events is self-consient iff i contains he meré-than one event from each 
meeting.’ ar ae 


— QysQ, We, €Q,: VaqeQs" fyolty © epee? | | 
We sy that Oy and yo gustan with one anti Ht yO 


me renee ee i on no more 
ene cree oe. 


Property 6.1: IT ye a a ey a ge, then, 
ty(9.T) is setf-comstinant, | 


And, from Requirement (2), we have the following, 


161 


k h e b 
1 7 5 3 
b k h e 
3 ; 7 

e k 

5 1 

h b 


(a) Backwards ‘History Segments’ (b) Forwards ‘History Segments ' 


Figure 6.8 


{1.3.5} {7} {1.5.7} {3} 


(a) Postdiction Graph (b) Prediction Graph 
for Meeting {5,6} for Meeting {5,6} 
and Mode {2,4,6,8} and Mode {2,4,6,8} 


Figure 6.9 


Property 6.2: WmeE*: VMén 
VQeu"(m,M): Chas sat conse 
VQsu(m,M): Q ts self-consistent 
‘Dich tc ot wits wna, wi ogni ta pend. geod graph is self- 
consistent.’ 
The next four theorems cornprise our results on prediction and postdiction. Unfortunately, they 
‘are quite cumbersome. They should be regarded as only first tentative steps jn the aren of 


Theorem 61: (a) If T is a backwards-extendible syetem simulation, ¢ is an occurrence in T, m-{@1,,, 
and MeK@), then 3Qexu"(n.M) 
GeQ A tlg,T)2Q 
and there extets « backwards enindibis ‘syemy.oimetation T” with:am secarrence ¢° 
such that, 
a’ =@ 
wnex: : tle. Tiet,(¢’.T’) 
Waek*: t4(q’,T’ ne ng 
Q = Femi’) 


OT fermen rm seg a mere eT m-ff],,, 
and Mel(G), then 3Qex%mM) 


GeQ A tylg.T) *Q 


and Ce rare eee re ee eee ne 


q =@ 

wneZ*: t.(g.T)ct,(¢’.T’) 
VeeE*: ty(¢’.T Ne a @ 
Q = v(m M)ty(e’.T’) 


Proof: We prove just Part (a). 


Because T is backwards extendible, there exists a system simulation T’ with an occurrence 
q° such that, 


q’ =G 
WneZ: t,(9.T)ct,(q’.T’) 
WacE*: t4(g’,T’)Na » @ 


Now since T is backwards extendible, it must be possible to select T’ so that it too is 
backwards extendible. Let R be the subnet of N defined as follows. 


ER = 0(m,M)M14(9’,T ’) 
Sp = CERUE‘R)I\S-Sy) 
FR « FXSpXERUER Sp) 


We can deduce the following about R: 


(a) @CERco (mM) GeEp and def. of Ep 
(b) VaeE*: JaNEgi<! Egst.(q’.T ’) 

(c) Sp=("ERUE"p)IXS-Sy) def. of Sp 

(d) Fa=FSpXERUER XS) def. of Fp 

(e) Vse(Sp-Upze (m)): (°s)p={s")p=l def. of R and Cor. 4.1 


In other words, R satisfies Requirements la,28,4, and 5a. Thus Eneu'(m,M). We know that 


@ is an element of both v(m,M) and t,(q’,T’), and therefore, GeER. Finally, because 
t4(¢.T) and Ep are both subsets of t,(q’,T'’), it follows that t,(¢,T) * Ep. QO 


Theorem 6.2: (a) If T is a backwards-extendible system simulation, 4 is a holding in T, Mel(A), 
and m is the unique input meeting of [A], then 3Qeu"(m,M): 


ReQqQm)* A ty(AT) ¥Q 


and there exists a backwards-extendible system simulation T’ with a holding h’ such 
that : 


Roh 

WneZ: (AT) ¢ t(h’,T ’) 
VaeE*: ¢_,(h’.T)Naw@ 
Q = 0(mM) Nt_(hT’) 


(b) If T is a forwards-extendible system simulation, 4 is 9 helding.in T. Mali2)..1 
s the unique ouput suing of {Ml ie Aperteeate 


Re(Qfm) A (AT) #Q 


and there exists a forwards-extendible system simulation T’ with a hplding A’ such 


Rh’ =h 

+ wae 44hT) 6 40hT) 
Vaek*: ta TY onene 
Q oo (mM) Nn t(h’,T) 


By eal coy 
a ota aie 


Proof: We prove just Part (a). 


Sets Tu aon mdi amc Fh ng 
one 

Veh ie ) 
waned: t,(4’,T’) a or nee ae (2) 
Week*: #(A.T’) Neng | ee a (s) 


Now uc T Did a map tg at wo 
b , wanrebane' ie ont a msdn t hana 


tea. and ert nat) - 

Recess Ba ne Te | es 
Because ¢ initiates A’, 
6 MAST) tight’) » 
It follows that, 

Q =v (mM) 147.7’) eee a . ® 
And finally, because ¢.4(A,T) and Q are both wabetni tf sien Tf 

LAT) =Q — @) 


Lines 1-6 comprise the desired result. 0 


Definition: Within the context of a prediction or postdiction graph <u,w>, we write AVB to mean 
<A, B>ew. For Aeu, 


VA = {BIBVA} 
AV = {BIAVB} 


Theorem 63 (a) If T isa system simulation, g is an occurrence in T, m = [4], Mel(@), Qeu™(m,M), 
hk is a negative integer, and there exists a backwards-extendible system simulation T“ 
with an occurrence q’ such that, 


q’ «7 

WneZ: t.(¢,T) ¢ t(q’7.T’) 
WaeE*: t,(q’,T’)Nang 
Q = (mM) 1 4, (9".T’) 


then for YQ « é, WUeVQ; 
t4(9.T) sU 


and there exists a backwards-extendible system simulation T’’ with an occurrence q°” 
such that 


a’’ a a’ 

WneZ: t.(q’.T’) ¢ t.(q’".T’’) 
VaeE*: t _1(9’’.T’’)Nang 
U = v'(m,M)M4, _1(9% “T?4) 


(b) If T is a system simulation, q is an occurrence in T, m=[@]_,, Mel(@), Qeu*(m,M), k 
is a positive integer, and there exists a forwards-extendible system simulation T” with 
an occurrence q” such that 


q’ 9G 

vneZ*: t,(9,T) ¢ t.(9’.T’) 
VaeE*: 4 (9’.T’) Nang 
Q = 0%mM) 14,49.) 


AEST ee ng ee Ge RR tan ky wns Hapa 


then for QY « @, WUeQ’: 
414.T) sU 


such thet, wep e 2 iis 


e’’ a ’ 

waek® 6,097.7’) 5 tq7.T’) 
WeeE®: 409°.T') Ne ne 
U = oXmM)N4567.T") 


"Proof: We prove Part (a) 


Fak 


Bee et mm ae i + gm stn" eh an 
occurrence ¢°’ such that, 


il ‘ a’ 


“3 crs qe 28 
© St 


— Wnek: 1,097.7’) ¢ tq’’.T’’) 


Vaek*: h@’’.T’) Ne “¢@ es . 
Because T’ is backwards extendible, it owst be panible to select T’” 10 that it too is 
backwards extendible. (esagsubas va Oost aim aiaials 


_ defined ap follows. _ 


PS SWans 


Ep = 9'(mM) 0 ale" 


, Spo CEQUER?) 1 6-8y) 


Fx = FINSgXEgUEg*Sy) 
Now because qT 544/71 and bt i ad from ach meeting, 


tla" a) ra nia” iT’) 


S44 Fo ge Oe sug: 


Q =o (mM) Ni (97".T%’) 
En =v (mM) Nn &. (q’’.T’’) 


It is a straightforward matter to show that, 


f (Eg M) = 6(Q.,M) 
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Since VQ « ¢, it follows that 6(QmM) « @ and Ep * @. Using the arguments in the 
proof of Theorem 6.1, we then have, 


ER € u (mM) 
Thus, Ep € Va 


It remains to be shown that ¢ _4(¢,T) * Ep. This follows from the fact that 4 _)(g.T) and 
Ep are both subsets of ¢, _1(9°’,.T”’). Oo 


Theorem 6.4: (a) If T is a system simulation, A is a holding in T, m is the unique input meeting of 
(Al. Mel(%), Qeu(m,M), k is a negative integer, and there exists a backwards- 
extendible system simulation T’ with a holding A’ such that, 


Kh 

wneZ: t(h,T) ¢ t,(A’,T’) 
VaeE*: n(h.T’)Nan@ 
Q = 0(mM) Nt, (4.7) 


then for YQ # g, 3U € YQ: 
ty 4(¢,T) sU 


and there exists a backwards-extendible system simulation T’’ with a holding A’’ 
such that, 


A’ a A 

WneZ: t (AT) ¢ t,(a’’,.T 7) 
WaeE*: 4 (A°.T’’) Nang 
U = v(m,M) 14 (A“.7 77) 


(b) If T is a system simulation, A is a holding in T, m is the unique output meeting of 
(Al... Mel(Z), Qeu*(m,M) k is a positive integer, and there exists a forwards-extendible 
system simulation T’ with a holding A’ such that, 


Rah 

WneZ*: (AT) ¢ t,(h7.T’) 
WaeE*: t(A’.T’) Nang 
Q = v4mM) 4,(4,T’) 


then for QY » ¢, UUeQ’: 
te 43(¢,T) ad Q 


and there exists a forwards-extendible system simulation T“’ with a holding A’” such 
that, 


a°* es i‘ 

vneZ*: 1,(A.T’) ¢ t(a’“.T’’) 
VaeE*: 0 ,,(h°°.T’") Nand 
U a o*(m,M) Nn th 4 (A? i727) 


Proof: Similar to that of Theorem 638. 


As a limited illustration of the preceding results, consider the system of Figure 6.7 and the 
postdiction graph of Figure 6.%a). All system simulations are backwards (and forwards) 
extendible. Consider Event 5. It belongs to Meeting {5,6}, and its information content contains 
Mode {2,4,6,8}. Now if ¢ is any occurrence of Event 5 in a system simulation T, then from 
Theorems 6.Ka) and 6a), we have, 

t_4(q.T) » {1, 8, 8} 
t_o(q,T) bd {}} 
t.a(g,T) » {i, 8, 5} 
tlq.T) % {7} 


The odd-numbered transactions preceding q are consistent with {13,5}, while the even numbered- 
transactions preceding q are consistent with {7}. This checks out with the system simulation in 


Figure 6.10. Here we have, 


ts(T) = {18,5 8} 
t_9(9.T) hed {4 6, 7 
t.3(¢.T) ™ - 


Figure 6.10 A System Simulation 


71. Evaluation: a 

With the theory introduced in the preceding chapter, we are now able to treat important 
kinds of Petri nets that ware previously eufaide the stipe of any chor. The net representing the 
half adder is just one example. From all indieaions, the as of neti contained in our theory is 
rich and varied. 


The theory has the following advantages: 


(1) The range of concepts expressible within the theory is extremely broad. Among those 
concepts are some that are fundamental. et ae, eee. saa caakey ae 
the most notable 


(2) The theory takes into newt the distributed mau of systems Concurrency is the key 
concept here, and concyrrency is embedded in Uei-fiforic of the theory. 


© cae try tnt ry nth ino Wl wpa a the complexity of a 
system model is reduced significantly 

(4) Identifying the system net with the system "nardware', arid the set of initial conditions 
with the system Samar Wk nap lamina en gn appro we Seth harden 
and software. . 


(5) The techniques of the theory lend themselves to autoenation. 


i 


7.2. Future Work: 
The work that needs to be done falls into two categories: theory and metatheory. The 
metatheory is concerned with four related topics: (1) foundations, (2) semantics, ($) methodology, 


and (4) scope. 


(1) foundations - The theory we've presented depends upon five axioms. We've tried to 
make those axioms plausible, but clearly more work needs to be done. The goal here 
Should be to reduce those five axioms to another set of axioms that are more or less 
self-evident. 


(2) semantics - A number of concepts have been introduced in the theory, and we need to 
understand the meanings of those concepts. The two that are of the most concern are 
parts and modes. We've said that parts are associated with strictly sequential behavior, 
and that modes are associated with steady-state behavior. But we need to know much 
more about these concepts - in particular, how they relate to concepts already familiar to 
us. (Note that foundations and semantics are intertwined.) 


(3) methodology - For the theory to be a practical tool, there has to be a methodology for 
applying the theory. A set of practical examples is necessary in establishing such a 
methodology. 


(4) scope - The scope of a theory is the range of problems to which it is suited. We must 
find out for which problems the above theory is suited and for which it is not suited. 


In the mathematical development of the theory, there are several areas that deserve attention. 


(1) For a particular system net, there may be several ways of choosing a covering of parts and 
a covering of modes. We need to determine precisely the effects of those choices. We 
already know that the control structure and the information contents of the system 
elements are, in general, affected. 


(2) The four theorems of Chapter 6 are quite cumbersome, and are only the first tentative 
steps in the area of prediction and postdiction. Much more work remains to be done. 
(In this area, Theorem 4.3 ought to play an important role.) 


(3) The ability to predict and postdict system behavior should provide the key to answering 
the following questions about a system. These questions were posed in Section 1.3. 


Under what conditions will a certain pattern of behavior be produced? 
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-Whiat are the consequences of a decision within a system? 
What are the-effects of a system modification? 
How does behavior in-one part of 2 oyptentinfbsence-belavior in.another part? 


How do the outputs of a system depend upon the inputs? (Le, What isthe ‘funcien’ 
of the system?) 


eee Sees Beet te be Seeenet tat oot A Sere eeeeee 
(4) Within this thesis, werthave-se toeched opesi proliabiiahts considerations This is a 
major area, and one which will require considerable effort. ‘Phet:effert will entail 
relating the approach presented here with the ideas of Information Theory. In 


particular, it will — _—— cuuen-s9 Shaneon's 
information: Teasre. OP Aa 


(5) In Sifter: 5.e cess the Whatton prapeepter wana smiuneces: This property 
allowed -us to define instants of time “RB: ee other 
possible constraints on’ the’ Control” structerk:(hene' tele skudtids.“ef space/time — 
frameworks might correspond to nen-euclidean spaces.) 


The success of these efforts will determine the fruitfuiness of the ideas presented im this thesis. In 
any event, we hope to have aimutated ah reader wo tinnyabode remus Faisd: 
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